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VIII

By Christopher Hooley at Cardiff

1. Introduction

We return yet again to the subject of the distribution of the differences

E(x;a,k) = 0(x; a, k) — %

for relatively prime values of a, k, where

O0(x;a,k)= Y logp

PEX
p=a,modk

as usual. Having mainly directed our attention in the earlier articles of this series (denoted
in what follows by the Roman numeral indicating their place in our researches) to questions
associated with either

Y E*(x;a,k)

0<acsk
(a,k)=1

or the Barban-Davenport-Halberstam moments

Y Y E*(xiak),
k<Q O0<ac<k
(a.k)=1

we now pass on to the study of the third moment

(1) SQ)= ) k) Y E’(xiak)
k=Q 0<aszk
(a.k)=1

and prove that, for O = o(x/logx) and any positive constant A4,

log” x

@) S(0) = o <Q3x310g3x> 40 < X )
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in the spirit of the announcement made at the end of the immediately preceding VII. We
thus substantiate a further result that is consistent with the expectation that usually

E(x;a,k)=0 <)€2110g2x> ((a,k)=1)
¢ (k)

for values of k almost up to x/log x, providing in addition some considerable confirmation
of our belief that E(x;a, k) is symmetrically distributed about its effectively zero mean.
We also obtain the counterpart of (2) that is valid for the complementary range

x/logx < 0 < x,
albeit this is of less significance in the theory we are illustrating.

Although our method has a genesis somewhat similar to that of our proofs of the
Barban-Montgomery theorem in I and II, the main body of our investigation introduces
features and complications that were absent from previous contributions to this series. In
particular, the most important aspect of the analysis stems from a special variant of
Vinogradov’s theorem concerning the representation of zero by ternary linear combinations
of primes, the application of which requires us to pursue a narrow track very precisely in
order to avoid inexactitudes that would vitiate our objective. The essential points of
importance being necessarily somewhat obscured by the complexity of the workings, we
can perhaps admit that there were occasions in the investigation when like Dante (Inferno)
we found ourselves

..... in a gloomy wood, astray
Gone from the path direct ..... .

In fact, having dissected the right-hand side of (1) into sums involving various combinations
of 6(x; a, k) and x/ ¢ (k), we identify the main difficulty in the need to evaluate these items
so accurately that the explicit terms in their determinations annihilate themselves to leave
only the right-hand side of (2); here it is necessary to take into account not only main
terms of approximate sizes x*log®x but also secondary exact terms of approximate size
Ox?logf x. But it is best to defer discussion of these and other obstacles athwart our path
until we reach and confront them.

The choice of the multiplier affecting the inner sum in (1) is not particularly critical
and we have therefore taken it to be ¢ (k) in the interests of simplicity. Equally well, we

could have used either (f)%(k) as in VII or k, although at the expense of a little further com-
plication in the proof. Yet, increasingly as the order of the moments of this type becomes
larger, it is desirable to use weights that are sufficiently large for the contribution of the
larger values of k to predominate.

The assumption of the extended Riemann hypothesis for Dirichlet’s L-functions
enables one to obtain a greatly improved form of our result in which a sharper version
of (2) is valid for smaller values of Q, thus shedding further light on the distribution of
E(x; a, k) for smaller values of k. But the investigation of this development must await a
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later paper in this series, since otherwise we would exceed the limits that have been set for
the present occasion.

2. Notation

Owing to the length and complexity of the memoir it is not practicable to lay down
a completely consistent notation. However, the meaning of all symbols should be clear
from their context in the light of the following guide.

The letters p, py, p,, p3, @ denote (positive) prime numbers; m, n,Z,¢,, 45, 45,0, (], 05, (5,
are positive integers; d, § are positive integers that play various interconnected roles; d’,
A, A" are also positive integers that arise from d, ¢ in one of their incarnations.

The letters C; are positive constants that are explicitly defined; the letters B, are also
specific constants whose precise values are immaterial to the investigation; A’ is a positive
constant whose value is not necessarily the same at each occurrence; 4, A4, ..., A,, are
positive absolute constants whose connection with each other will be plain from the text
and, in particular, from §5; ¢ is an arbitrarily small positive constant that is not necessarily
the same on all occasions.

The constants implied by the O-notation depend at most on A', A, 4;, and ¢ in a
manner that is clear from the text; ultimately, however, they depend only on A. The
function I'(m) is of an arithmetical nature save when it is designated to be the usual
(Eulerian) gamma function. As usual, (@, b) and [a, b] respectively denote the positive
highest common factor and least common multiple of a, » when these are defined.

3. Initial decomposition of the sum
Expanding the notation in (1) by writing

Sx,0)= ) ¢k) Y E’(xak),

k=Q 0<a<k
(a.k)=1

we fix the positive absolute constant A4 that is to appear in (2) and first consider the case
where Q < xlog™“'x and A4, is a suitable absolute constant such that

(3) A= A+2.

Then, since in this instance

| X B xlogx
E(x,a,k)ém+10gx é:x 1_0< ¢ (k) )j

n=a,modk
we have immediately that
(4) S(x,0) = 0<x10gx y ¥ Ez(x;a,k)> - 0< il >

4
k<Q O<as<k log”x
(a,k)=1

1A
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by Gallagher’s form of Theorem A in I. In the contrary case that remains to be considered,
we let

%) xlog™x =0, £Q=x

and then write
S(x;0,,0)=8x,0)—S(x,0))
so that

X
(6) S(x,Q)=S(X;Q1,Q)+0<1 7 >
og’x
in virtue of (4) above.
Next, decomposing S(x; Q,, Q) with the aid of the simple identity

w—v)=u*-3w—v)’v—3w—v)v*—0v>,

we obtain

() S(x:0.0)= Y o) Y 0°(xak)—3x } Y. E*(xiak)

Q1<k=0Q 0<atsk 01<k=Q 0<acszk

(a,k)=1 (a,k)=1

—3x* ) 1 Y E(x;ak)—x* ) b

01<kz0 P(K) ook 01 <k=g ¢(K)
(a,k)=1

:Sl(XQQpQ)_3XS2(X§Q1’Q)_3x253(x§Q1>Q)_x3 Z

1
5o say,
Q1<k=Q ('b(k)

the last three terms in which will not delay us for long. Indeed the prime number theorem
and Lemma 1 in [ immediately give

{0(x) + O(logk) — x} = O (xlogxe 4 Vieer)

X
=0
<logAx>

I @), 0 . [(lg0,
D27 e OgQ1+0< Q1>

e, 0 ’
G Q1+0<10gAX>’

(8)S5(x:0,,0) =
¥ Ry qs(k)

and

)

respectively, whereas the sum S, (x; Q,, Q) is estimated through an improvement in the
form of the Barban-Montgomery theorem that was derived in I.

This refinement stems from the replacement of the first part of Lemma 1 in I by the
more accurate
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Lemma 1. For &£ =1, we have

/ 2 1 C(z) C(3) logf C2 <€A, log2¢ )
z%( é) 60" [ TGt a)

where

(10) C,

+y+

{0 logp
—L(0) %p(p—ﬁ'

All that is needed being a careful reappraisal of the proof of the previous result in
I, we first observe that the integrand in the contour integral there is equal to

1 L {s+D)h(s+1)E
(s+1D?*  s+1 s(s+2)
in the neighbourhood of s = —1, whence with the aid of logarithmic differentiation we
obtain
£(0)n(0) < £’  h'(0) >
R,=—>">—"—"(logé+ + +
g : OB TOR
and confirm the above stated value of C, because {(0) = — 2 and

h'0) logp
h(0) %‘ p(p—1)

by a simple calculation. Secondly, a typical factor in the infinite product for %(s) equals
" <1 1>‘1 1 (1 1>‘1 1
p ps+2 p p2s+2
1 1 1\7! 1
gt al1-1) (- 5)
p2 +2 p +2 p p +1
1 1 1\ ! 1 \!
=|1- =55 1+s—<1——> <1+s—> }
(1= o) {14 (1-3) (145

with the implication that

h

h(s) = i ,
{(@2s+2)

where /,(s) is regular and bounded for ¢ > —1 + 5. Hence, utilizing features of {(s) such

as its zero-free region and its order of magnitude, we see in the customary manner that

the residual contour integral is
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ORI

and complete the proof of the revised lemma.

Observe now that our sum S, (x; Q,, Q) is the sum G(x; Q;, Q,) that is estimated in
I after its appearance in equation (2) therein. Hence, using the revised lemma in the place
of the original, we retrace the previous proof and obtain

11  S,(x;0,,0)=0xlogQ —(C,+1)Q0x + O(Q%x%e”"'/m)

x2
0 ,
+ <log“x>

where it is to be borne in mind that the value of Q, is actually now smaller than in L.

We note that the use of the multiplier ¢ (k) in (1) instead of k enabled the sum
S, (x; Q, Q) to be quickly treated by appealing to I; had the factor k been used more work
would have been needed at this stage although some of the later analysis would have been
simplified.

In summation of what has so far been learnt, we conclude from (6), (7), (8), (9) and
(11) that

(DB L, 0

(12) S(x,0)=S,(x;0,,0) — 26) 10gQ—1—3Qx210gQ+3(C2+1)Qx2
3 3 4 Vieg2x/0 x?
1003 )+0< ).
log“x

the stage having been now cleared for the treatment of the most important constituent
Sl(x; Qla Q) Of S(X, Q)
4. Dissection of S} (x; Q, Q) and the estimations of two of its constituents

The factor ¢ (k) affecting the inner sum in S;(x;Q;,Q) creates difficulties in the
analysis that are abated in the treatment of the associated sum

k
(13) sic0,0= Y "9 s paan,
Q1<k=Q 81<k;1:§1f

which therefore is the object of our study until we revert at the end to the original sum
by partial summation.

The inner sum is

3
Y < D logp> = D log p,log p,log ps.,

0<acsk P=X P1=p2=p3, modk
(a,k)=1 p=a,modk P1,DP2,p3=X;(p1p2p3,.k)=1
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in the second term of which the first condition of summation implies the third when not
all of py, p,, p; are equal. Hence we obtain the equivalent determination

(6 > +3 0y 43 Y+ Y >10gp110gp210gp3

P1=p2=p3, modk p1=p3, modk p1=p2, modk P1=Pp2=p3=Xx
P2<p3<p1=x P2=p3<pi1=Xx P2<p3=pi=x (p1p2p3,k) =1

=6 ) logp,logp,logps+3 )  log?plogp’

P2<p3<p1=Xx pP<p'=x
p1=p2=p3, modk p=p,modk
(14) +3 ) logplog?p'+ Y log’p,
p<p'sx P<Xx
p=p’,modk prk

the individual contributions from which to S (x; Q,,Q) are denoted according to their
pOSitionS by 6 Sf (x, QI’ Q)> 3 Sgk (X, Q17 Q)’ 3 S? (x, Q17 Q)7 and S;k (xn Ql’ Q) SO that
altogether
(15) ST(x:04,0)
=06S55(x;0,0)+357(x:0,0)+3855(x:01,0)+ 57 (x:01,0) .
Once more the treatment of sums proceeds according to ascending order of difficulty.

The inner sum in S#¥(x;Q;,Q) is

(16) Y log®*p+0 <10g2x Y logp> = Y log®p+ O (log*x)

P=X plk P=X

= | log?td0(r) + O (log>x)

3/2

=xlog2x—2x10gx+2x+0< xA >
log”x

by the prime number theorem. Therefore, invoking the well-known asymptotic formula

$k) w
Z, % @ + O(log2u),
we infer that
17) S¥(x;0,,0) = {xlog’x + O(xlogx)} ) @
01<k=0Q
C(Z) {0 — 0,4+ O(logx)}{xlog®x + O(xlogx)}
@Qxlog x+0(Qx10gx)+0<10;x>

in view of (3) and (5). As we shall see, however, this implicit contribution to S(x, Q) will
only be of importance when Q lies in the exceptional range for which O = x/log x.
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To prepare the remaining sums S*(x; Q,,Q) for their examination, we note their
definition is only contingent on the condition Q, < Q < x so that we may concentrate on
the sums

(18) Ji(x,0) = SF(x;0,x) (i=4,5,0)
for

(19) 0 = xlog *'x
because

(20) SF(x:01,0) = Ji(x,0) = Ji(x, 0) .

The sums SZ(x; Q,,0) and S&(x; Q,,0) are treated separately via (14) and then are
amalgamated so that their sum can be assessed. First, considering the conditions of sum-
mation for J,(x,Q) that are inherent in (13), (14), (18), and (19) and letting / denote
generally a positive integer, we have

)

ey Q)= Y logplogp”).
p'—p="Ck
P'Ex
QO<k<x

wherein the condition k > Q implies that /< x/Q and p < p’'— /Q. Therefore

n(d)
(22) Js(x, Q)= ) log?p’ long J
p—p=rk d|k
P'=x;4<x/Q
p<p —¢Q

(d) ,
- Y Y EZ Yogp ¥ loep,
/<x/Q d<x p'<x p<p —7¢Q
p=p,mod/d

in which, the innermost sum being

p'—70 x
swa) ¢ <10g2A‘ x>

when p' ¥ /d but zero otherwise, we see that the double iterated sum over primes is

2., xz
9 s 5,0~ e+ o)

pred
1 ( /Q) z 1 2 7 Z ( /)1 2 7 + 0 xZ
= - X —1 (¢} — X — (6] S -1 |-
¢(/d) p'=x g P p'=x P g P logZAlilx
But, much as in (16),

Y log?p _MIOgu_u+0<lg2A+1u>

p'Su
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and

u

(24) Y, (w—pHlog?p'= | 3 log’p'dt

p'<u 0 p'st

1 3 (u+1)2
— ~u’logu—>u+0
pUloBH T + <10g2’“_1(u+2) ’

for any u > 0, whence (23) is equal to

X

1 1 3 2
(25) W((X /Q)(XIOgX—X) < X IOgX—ZX >>+0<10g2T1x>

Also, since J5(x, Q) arises when p and p’are interchanged in the conditions of sum-
mation on the right side of (21), the substitution of the demands on the sizes of p and p’
in (22) by p'+ /Q <p <x and p'<x — /Q yields a formula for J5(x, Q), in which now
the right side has an innermost sum

X — /Q —p, X
oep =2 o)
p'+fQZ<pgx $(/d) log241 x
p=p’,mod/d
for any p’not dividing /d. The double iterated sum over p, p’ being therefore now

LY w—rg-pegpro(
—— x—/Q—plo -
o(td) 50 p)IogTp log? 4~ Ty

prtd

1 5 5 x?
(b(/d)( (x—70) log(x—/Q)——(x /Q)>+O<Wx>

by (24), we combine this with (25) and deduce that

Js(x,0) + Js(x,0) = Z ((x—/Q)(xlogx—x)—<1x210gx_3x2>

£<x/Q 2 4

1 2 3 2 )
+(x—=/0) log(x—/Q)— 4 (x—/0) > Ex dp(/d)

o X I
log24i—1x retominy dox d

= ) ((x—/Q)(xlogx—x)—(%leogx—§x2>+%(x—/Q)210g(x—/Q)

£<x/Q 4

o u(d)
d; do(/d)

5 1 1 x?2
O ( logxfgx $(/) d>xd¢>(d)> 0<logf‘1-2x>

3 2
—Z(x—@)
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= ) <(x—/Q)(xlogx—x) <1x10gx—3x>+;(X—ZQ)210g(x—/Q)

£<x/Q 4

3 ) & u(d) x?2
TR0 > 2, dgdy O <logAx>

in the light of (3) and (5). In this, by Euler’s theorem, the series over d is
1 1 1
1— _
};L( p(p— )> pl—lL <¢>(p“) pzd)(p“))

_ _ 1 B 1 -t Y Gy (@)
—¢(/)1;I<1 p(p—1>>£[f<1 p(p—1>> <1 p2> ;e
where

» ()

and

i 1 12(d)
27) () =T](1+—— =TT (1 - , .
@ ) H( +p—1—1/p> W( +91(p)> 2o W

Hence

(28) Js(x, Q)+ Js(x,0) = C3 ), <(x—/Q)(x10gx—X)

£<x/Q

2
~ (§ttor—307) 4 J = @onte - r0) - S 07 ) P o),

To complete the estimation of Js(x, Q) + J,(x, Q) we need

Lemma 2. Let

i
& =T+ )

and let B,, B,, ... denote specific constants whose actual values are not of importance here.
Then, for & 21,

3 MO0 oo n, o D),
i<e L ¢

i) ¥ 0"~ clog+ B,e+ 0G0 € +2):
f<e

Uh( )

(i) ) (€—2)? = C,&logé+ B3 &2 + 0 (Llog? (¢ +2));

r<¢
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P, (4)

R T e e

<&
= %C46210g25+B4ézlogé+85£2+0(510g3(é+2)),

where | 3
B4 == §B3 — ZC“'

Parts (ii) and (iii) are obtained from single or double integrations of part (i), whose
proof may be omitted because it is similar to that of such familiar formulae as the one
occurring in part (i) of I, Lemma 1 (from which our (9) was derived); at this point it is
helpful for our calculations to note that all these formulae are also trivially valid for
0 < ¢ <1 with an obvious interpretation for values of terms at £ = 0.

Going over to part (iv), we see that its left-hand side equals

j log¢—0) Y (1— ”’1/(/) dt

<t

because the latter is

é
Y ‘plf) [ (1= /)log (¢ — ndt
<&
- “’1;/) j (& — ¢ —u)logudu
<&

1 3
in which the integral is the double integral ~ u?logu — ~ u?* at u = & — /. Therefore, by
5 ) ; 2 4
part (ii), the sum to be estimated is

19
[log (& — 1)(C,tlogt + B, 1) di + O (log®(E +2))
0

Y

=C, [log(¢—1)tlogtdi + B, jlog(é— Htdt+ 0(Elog?(E+2)),

0

the first integral in the last line above being, via the substitution ¢ = &¢,
1
&2 [{logé+log(1—1t")}t'(log ¢ + logt') dt’
0
1 1 1
= E2log? e [ 1'dt’ + &2 logé <j t'logt'dt’ + | t'log(1 — t’)dz/> + By &2
0 0 0
1 2 2 2 ; ’ ’ 2 1 2 2 2 2
= Eé log?¢ + &%logé [logt'dt’ + Bg &% = Eé log?¢& — E%logé + Bg ¢
0

and the second one being
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1 1
1
Clogl [ 1'di’+¢& [ 1'log(1 = 1')di’ = 5 & log & + B &2
0 0

Thus, altogether, we get the right side of (iv) with the value B, = - B, — C,. Since the

integration of (ii) to give (iii) implies that B; =B, — 3 C,, the proof of the lemma is
complete.

By (20) and (28) followed by Lemma 2,

A /
c {Sgk(xQQpQ)‘FSék(x;QpQ)}=(x10gx—x)<Q1 y <x_/>w1<>
3

£<x/Q1 Ql 4
wl(/’)> (1 2 3 > i ()
_ =z _y Zx2] _ -

Qf<Zx:/Q <Q > 4 2x o8 4x x/Q<;<x/Q1 4
(o, 3, G- *1-eme 3, G- )
= 1 ——/ lo Z_y) 22/

+ > <Q1 0gQ, ¢’<§Q1 0, -0’ ng<Zx/Q 0 7

5 1 2 3/ x 21 v ()
rot 3 43(g ) g )36 -) b
, 1/ x 2 X 3/ x 21 v () < x?2 >
_ S [ 1 R ) (A vo 2
¢ f;x/g{z(Q > Og<Q > 4<Q >} /

log”x

0 <1 3 > 0 1
=C,(xlogx—x)xlog— — C x2lo x—fx lo + = C x%lo lo
4(xlog ) gQ1 |3 g ng g0, gQ1

1 1 o 1
——Cyx longog——fB X log—+ C,x <log ——log >
2 0 2 0, 0, 0

0 X x?2
+B4x210gQ—1+0 leogxlogzé +0 log'x

1 1 0
= leogx<C4— §C4— §C4+ C4> logQ—1

ce(—cric—te 18, 1062 +0(x0l08xlogrE ) + 0 X
4T 4t T 5P 4 gQ g g 0

L log*x

=C leogxlogg—c X logg—i-O(leogxlog —>+0< xi >,
0, 0, ) log* x

where (3) and (5) must be borne in mind. Therefore, as

1 1
C3C4:1;[<1 p(p —1)>< pz—p—1>:1

by (26) and (29), we infer that
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S¥(x;0,,0)+ SF(x;0,,0) = leogxlogQQ — leogQQ +0 <leogx10g2 2)

(30) +0< xi )
log®x

and conclude the treatment of the sums of intermediate difficulty.

5. Estimation of S7 (x; Q,, Q) — the preliminary stages and the application
of the circle method

Having gained the foothills, we commence the main ascent by considering the sum

S¥(x;Q4,0) that is connected with (13) and (14). We confirm that (19) is still to hold and
first find from (18), (13), and (14) that

d
6y Lo =y My Y logplogp,logps

d<x d Q<k<x P2<p3<p1=x
k=0,modd pi=pr=p3, modk

=) #JT(X,Q;CI), say.

d=<x

Next the congruential condition attached to the inner sum in J(x, Q; d) is there equivalent
to the existence of positive integers ¢, {,, and ¢/, such that

(32) Ps—Py=0k, pr—p3=1>Lk, pr—py =Lk,
and

(33) la=01+1,,
where any pair of conditions in (32) is a substitute for the whole triplet when (33) holds.
Also, if the common value of (¢}, /,) and (¢, 7,,/;) be 6 with the consequence that we
may write £, = £/6, {, = £,0, { = {30 where

(34) (L) = U3 =1 and (= 0{+ 1,
the first two equations (for example) in (32) are tantamount to the pair

(35) P1=p,=ps,modd,

and
1 {(Pl - 173)/5} =1, {(]73 - Pz)/é} )

the latter member of which may be rewritten as

(36) {{py+{apy—{3p3=0.
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Hence, taking into account the conditions on k that imply that

(37) /3<x/0

and that the congruence (35) holds, mod dd, we complete the first phase in the treatment
of J,(x, Q) by deducing that

() @)= 3 X ) P(Q354(5:do),
<x/Q £,<x|Qd ly=(,+¢
(pty) =1
the innermost summand in which is defined by letting ©® = 6, ,. ,, indicate the conjunction
of the conditions (36) and p, = p, = p;, mod 4, and (xlog™**x < T'< x) then setting

(39) P(x,T;l{,(3;4)= )  logp logp,logp;.
pz+T(Zp1§x

The formula needed for P(x,T;/{,/,; A) is obtained by an appropriate variation of
some version of the circle method that establishes Vinogradov’s theorem on the represen-
tation of large odd numbers as the sum of three primes. Since no new principles are
involved, we deem it sufficient to describe the main steps in the demonstration, particularly
as the exhibition of all the extra details would become very wearisome. Adapted to facilitate
comparison where possible with recent treatments of Vinogradov’s theorem such as that
given by Vaughan [4], our procedure seems the simplest available within the constraints
imposed even though there is a small penalty to be paid in the shape of a minor Tauberian
process at the end. Possibly, however, another programme would be preferable if one were
to tackle the problem ab initio with the intention of producing a fully detailed proof.

First, as in certain preceding situations, the stipulation that (p, p, p;,4) =1 may be
included in the conditions in & without altering their effect. Secondly, in order to avoid
a situation in which the generating function in the circle method is not a simple product
of three independent sums over primes, we work initially with sums

(40) Pi(x, 1y, 15301, 05;4) = Y logp,logp,logps
0
t1<p1=x;p2=12

that involve non-negative parameters ¢,, t, such that 7, < ¢, < x, dissecting them into sums
of segments P, through the decomposition expressed by

(41) Pl(xallalz;/{ale;A)z z Z
0<b=£A pi=pr=p3=b,mod4a
(b,4)=1
. ! ’.
= Y Py(x,t, 15,0, (5;b,4), say.
0<bsz4a
(b,4)=1

Now ready for the introduction of the circle method, we form the three functions

[O)= Y logpe?tin? (j=1,2)

pj=b,mod 4

and
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(“2) fs@= Y logpye i

p3=b,mod4

that produce the representation
1
(43) Py = | f1(0) 13(0) /5(0)dO
0

when the sums in (42) are subject to the conditions
(44) L<Ppi=X, pPy=1,; pP3=X.
It is therefore requisite to develop the appropriate properties of the generic sum

fO) = Y logpe*™ i (0=u<vsy)
p ;;,I:ngog Y|

of which f7(0), f,(0), f5(0) are particular examples.

Assuming throughout in conformity with (19) and (37) that / <log®'x and then
temporarily that 4 < log#2x for a sufficiently large constant 4, = 4,(A4,), we use a dissec-
tion of the range of integration of order M = xlog™“*x in which the (non-intersecting)
major arcs are of the form |0 —h/k|<1/M for rationals i/k in lowest terms with
k < log“*®x and in which the residual set » of 0 is contained in the set of minor arcs given by

h 1
—— | £ — GByx<k<M.
(45) ‘0 k‘ S Uk for loghx<k<M

On s we express f(0) as

1 . .
(46) - logpe,th’Gp Z eanc(pfb)/A
A u<ps<v 0<c<4
1 —2mibc/A 2mi(£0+c/A
== e Y. logpe?rit/oter
A

0<c<4 u<psgv

and then, setting M, =24 M, use Dirichlet’s theorem to find a fraction /,/k, in lowest
terms (depending, in particular, on ¢) such that

¢ h
(04— — L
‘ VRS

1
<

=00k and k, =M, .

Since a basic technique in the practice of Diophantine approximation easily shews that
this and (45) imply that k, > k/2 A/ and hence that

1
Elog“_‘“_’”x <k;<2xlog* 4 x,

a slight variation in the proof of Theorem 3.1 in [4] yields the estimate
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_1 4 11
O<log*x|xk; 2+ x5+ x2k2 | p = O(xlog™*x)

for the right-hand inner sum in (46) proved that A4, be sufficiently large. Therefore f(0)
and thus any one of the f;(0) are subject to the same bound, and we thus conclude that
the contribution of 4. to the integral in (43) is

1

47) 0 {xlogf“x(j |f1(9)|2d9>2<j" |.f2(9)|2>2}

=0 <x10g‘A4x > 10g2p> =0 (x?log *5x).

P=Xx

On each major arc centred on //k we write 0 = h/k + ¢ and estimate f(0) by con-
sidering the special value

h h -
A()=r(lw)= 5 emorie wenso,

u<psw
p=b,mod4

where k'=k/(/, k), /"= ¢]({, k), and where therefore (h/',k") =1. By the prime number
theorem for arithmetical progressions, for any positive constant A4, we have

(48) f4<z> _ Z p2miht'a [k Z log p + O< Z 10gp>

0<a £k’ u<psw plk
(a,k')=1 p=a’,modk’
p=b,mod 4

w—u

_ 2rikt'al |k 0 X o
. {45([1«;41])* <log/*6x>}+ (log-)

(@', k') =1;(k",4)|(a’ = b)

v 2niht'a’ /K < X >
S AT > e Y -
¢([k,A]) 0<a <k’ lOgA6 Aax

(@,k')=1;a’= b, mod (k', 4)

on the assumption that all parameters occurring are subject to conditions already laid
down either explicitly or implicitly. Next, if

k/: pD!’

p|lk

=

then let

K= T

p*||k";pr 4

and deduce that the exponential sum in (48) is

Z ,u(d) Z eZﬂ:ih/’a’/k”

d|k” 0<a £k’
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the inner sum in which is taken over an arithmetical progression whose common difference
d(k', A) is certainly a proper division of k" unless d = k" and (k'/(k, 4), 4) = 1. Therefore
this exponential sum is zero save when (k'/(k’, 4), A) =1, in which case

h . pik'/ (k' A)} 2rihd |k’ x
i(7) =S e o (L)

where now a’ is the unique root, mod k', of the simultaneous congruences
49) v=0,modk’/(k’,4), v=b,mod(k’,4).

If, however, (k'/(k’, A), 4) > 1, then

h x
A1) 0 ()

Passing on to f(0) = f(h/k + ¢) through partial summation and the deployment of the
function

(50) 0(@) = [ e dz,

we then deduce in the usual way that

_ ,u{k//(k', A)} 2niht’a' |k X X T
0=y e 0 (i o (i frere)

_ pik'/ (k' A)} 2rmihd k' X
v RCTAR

. pik'/ (k' 4) 2rike K’ X
= gk e +0<myw>

if (k'/(k’,4),4) =1 but that

ﬂm=0<ﬁ>
log”® x

otherwise.

To apply these estimates to the evaluation of the integral in (43) over the major arcs,
we specialize them for each function f;(0) and denote by k;, a;, and v;(¢) the entities that
correspond to k', a’, and v(¢) in the above work. Then the condition (k/(k, 4), 4) =1 is
equivalent to the conjunction of (kj/(kj, A), A) =1 for i =1,2,3, the congruence (49) with
k' replaced by k then supplying a simultaneous solution a of (49) for the values k,, k,,
k of k'. Hence in this instance
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- 2miha(l]+ 65—t} ulk;/(k; 4)} x?
1100) £5(0) £3(0) = v, (d) vy () v3(¢) 2™ ‘; ‘ ”"lélla o (0, AT +0<10gA8X

_ pik;/(k;, A)} x?
=0,(P) v, (P) v5(h) 1§l:[§3 W +0 <10gA8x>

whereas, in the contrary case,

3
ﬂ@ﬁwnum=o<'ﬁg)

log#® x

Consequently, summing over all relatively prime 4, k satisfying 0 < h <k < M and then
integrating with respect to ¢ over the interval (—1/M,1/ M), we see via (50) that the
contribution of the major arcs to P, is

51 k M)lml L($) s ($)d
oY <m§wxw)él3¢¢@mb ] pn@n@)n@d

(k/(k, 4),4) =1
2
X
+ 0 T Aa—233 4.
log4s=34s x

k.| (k. 0
= {(W %A)ZI P k) 1<|__l<3 7“2)(’[/]{(.”;'%)} +0 <log{13x>} { _f v1(P) 5 (P)vs3(P) dd

1 < de x?
of-——— [ % o[ —~
* (44@J§¢J}+ (myr“w>

1 x?2
= {64,4,/2',/3"" 0 <10g,43x>}1t1,t2,x+ 0<10g“‘9x>’ say,

provided that 4; and 4, = A,(A;) be sufficiently large.

The integral I is evaluated in the standard way by Fourier’s integral theorem?!).
Arising first as a triple integral with variables of integration z, z,, z5, the integrand is trans-
formed by means of the substitution

Zi =z, Zy=2z,, L={{zi+yz,—{3z25,
of absolute modulus 75 so it adopts the guise of the Fourier transform

1 <« .
— [ F(Z)e*™i2%dz7 .
//
73 —oo

1) It seems we must part company with Vaughan’s treatment at this point because his application of the
sum v(f}) in equation (3.6) of [4] seems only to be appropriate when the coefficients of all three primes in an
equation of type m, p, + m, p, + mypy =n are equal to +1.
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Consequently

1 — 1)t
(52) I=—F(0)= = hn ,1) 2

because the limits for z,, z, implied by the first two constituents of (44) imply that z; < x
when /{z, + /;z, — /323 =0 and /{+ /; = /3.

To evaluate the singular series by Euler’s theorem, first note that
¢ (Lk;, A1) = p{A(k; [ (k;, )} = ¢(A) b {k; [ (k. A))

when (k/(k, A), 1) =1 so that the general term in the series is

pik;/ (kj, 4)}
$*(4) (A) 1<l:[<3 b {k;/(k;, )} ( )
in which the multiplier of 1/¢3(4) is multiplicative in k. Therefore, remembering that
/{,,, (3 are co-prime in pairs and that one of them is even, we have

1 1 1
= 634 1_ RS
¢*(4) pﬂ’li_f!f’gzi ( (P—1)2> mﬂ;z; <1 * (p—1)> pl_lllA (1 +é(p)+ + ¢ (

pr4

")
A 1 1 -1
= e —— 1—
¢ (4) pljz < (P—1)2> pltl{_£’4< (P—1)>
pr24a
1 -1 1
Xﬂ( 1)> pl:[2<1+(l7—1)>
p>2 pr4
1 1 1 -1 2\ !
= j [ —— 1 — 1—= 4 2
A¢(A) p1:[2< (p_1)2>p|{1{_(lz'f3:< (p_1)> pl4 < P> pl4 pl;[A
pr24a p>2 p=2 p=2
2
(53) Ad)iA) EMF(A)G(414545),
where
( 2, if 4 be even,
E) = {1, if 4 be odd,

1 2
54 Cs = 1— _). Fy = 1+,
oY pl:[2< (p—1 ) @) p|Al;_p[>2< +P—2>

and G,(L)= ] <1+L>.

The summation of the content of equations (47), (51), (52), and (53) produces an
asymptotic formula for P,, which when summed over b as in (41) yields
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The summation of the content of equations (47), (51), (52), and (53) produces an
asymptotic formula for P,, which when summed over b as in (41) yields

! / 2C ’ ! / x
Pi(x, 1y, 15501,05;4) = A/S/ (x = 1) LEA)F(A) Gy (4{4545)+ O <10gAmx> :

3

From this, by (39) and (40) and some simple calculations involving interchanges in the
orders of summation and integration, it follows that

Py(T)= [ P(x,Ty; ], (5;)dTy= Y (p,—p,—T)logp,logp,logp,
T

(2]
p2+T<pi=x

p1—T
= ) logp,logp,logpy | dt
p2+T(im§x b2
x—T

= [ P(x,T+t 10,5 4)dt
0

C5 x—T XZ(X—T)
= EMFA)G, (/4,05 —T—0tdt +0| ——=
Al (A F(A)G4({4513) g (x ) + < logAmx
Cs x*(x—T)
= E(A)F(4 (050 —-T)3 _

34/] (DFA)G4(4{1505)(x ) +O< logA“)x >

which is an Abelian version of the result we seek. To extract what is needed, we perform
a ““de la Vallée Poussin differentiation” by choosing H such that 0 < H<x—T, T and
using the inequality

}1, {P3<T) — Py(T+ H)} < P(x,T) < %, {&(T—H) - P3<T)}

that implies that

P(x.T) = 5 E(U)F(N) G, (40305 (x—T) + 0 {H(x—T)*} + 0<

x2(x—T)
Al

Hlog*ox

in view of well-known inequalities for divisor-type functions. Hence, setting

1
H=(x—T)log 2%°x

and confirming through (39) that H < xlog™4' x < T for sufficiently large 4,, we conclude
that

Cs

55) P(x,T;/[,{,;4) =
( ) (X, 5 Y15 %2> ) A/é

EMFA)G(4{4543)(x—T)*+ O <L>

log4t x

when 4, 7/, /,, {3 satisfy the stipulations laid down at the point where the dissection of the
unit circle was introduced. But, since P (x) certainly does not exceed log? x times the number
of positive integers n,, n, not exceeding x that are congruent to each other, mod 4, we have
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P(x,T)— AC;, E(A)F(A)Gy(£14305) (x — T)?

2 21
=0{Alog3x<x +0(1)> }+0<x ng>
A V|
x?log®x
=0 _—
(5)
x2
:O _—
<10gA“x>

for log#2x < A < x and 4, sufficiently large; also, this result is trivial for 4 > x because
then P(x,T) is zero from its genesis at the beginning of this section. Thus (55) is valid for
all values of 7/, /, in question whatever the value of 4.

Having secured our formula for P(x,T), we prepare for its use by estimating

Y M P(x,06¢5;¢],¢,;d0),

d<x

(56) Py(x,0003:01,05;0) =

which is the innermost sum in the quadruple sum obtained by substituting the right side
of (55) in (31) by way of (38) and then first summing over d. We get

(57) Py(x, Q0035 ¢1,45;90)
d)E(dS)F(dd)G,s(4 45 13) x? 1
— 08112 p( a6\l10273 +
6//( Q / ) dgx dz +0<10gA11x d;x d
u(d)E(dO)F(do)G,s(4{¢, /) 1 x?
_ 2 2 . _
5/'( Qo43) d; E L) O oginn

=S 05/ BOLLIE )+ 0 RS T
Y logtt2x )’ v

the factor B(d, /|7, ;) being evaluated by the relations

F(ds)=F©) ] <1 + 1’32> = F(0)F,(d), say,

pld;pyo
p>2

1
Gys(L) = G5(L) 1_[ <1 - ﬁ) = G;s(L) G&,d(L)a say,
IL
p)(gé;pld

and
2 if 6 even,

E(do) = {E(d) if 5 odd,

that flow from (54). Whereupon, for ¢ even, we have
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o H(d)F;(d)Gs,4(L)

BG.L)=2F()Gy(L) Y b
—2F(5)G(L)]_[<1—1>1_[<1— ! >n<1_1>
B o i p? id p(p—1) id p(p—2)

3 1 1 1 -1
N EF(é)G"(L) pljz <1_p(p—2)> Hs (1_17> (1 _p(p—2)>

p>2

1 1\t
g p|ﬂ,m (1 a p(p—1)> <1 a p(p—2)>

3 1 2 1
_5,,1:[2 (1_p(p—2)> 11,1 <1+p—2—1/p>plﬂw(Hp_z_up)

p>2

by Euler’s theorem and (54). A similar calculation being applicable when ¢ is odd, we
conclude that

1
(58) 3(5,L)=§C6E*(5)¢(5)F5(L),
in which, setting

(59) 92(p)=p—2—% (podd), 0,(n) = I_ll 0,(p),

(compare with the definition of 0, (n) in (27)), we have

1 2
- - 5) =
Co ,,U2<1 p(p—2>>’ 20) ,,lﬂ>2<1+92(p>>’

| ()
6 {  Lw= T (”92@)): 2 6@

(

plL;pk26
d290)=1
3, if 0 even
E*(8)={"" .
\ and ©) {1, if 5 odd.

Our initial preparations for the estimation of S¥(x;Q,,Q) are complete save for a
final transformation that depends in part on the relations

(61) I5,(doy) = I, (d) I}5,(0,), I3(0) =I'(do)/I'(d)
where

(62) I'(d)=TI,d).
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To introduce this step let us gather up what has been achieved in (57) and (58) to infer that

E*(0)®(9) v (x—Q0/)?

Jo(x;Q) = CC ) L Y L))

3<x/Q 5 £’ <x/Q6 // (itey=1"
(41,45 =1
X2
+0< 1>
log#ttx 5<Zx:/Q :;,zz'gx/ga
1 (x/Qo—1")? : :
CCQ2 A O IO {%F(Z) Y, L))
5<x/Q ¢’ <x/Qé ‘Gtey=2"
(41,45 =1
X2
0 -
" <10g“‘“2x>
(63) Lesc0o o X
- _ sa
5 C5Ce X logix )’ Y,

in view of (19). The coprimality condition in the innermost sum being an impediment to
the future treatment of #(y), we remove it by affecting the summand in it with the factor

Y ud),

d|sizdle
whence, if we write /] =7/, d, {; = /,d, and change the order of summation, we arrive at

0 —do)?
SW=Y EB®e0)s Y u@) Y YD sy Y nas)ns)

o<y d<y/o £<ylod drs 1+ l=10

dod—1)*
Y. w(d)E*) ®(d)ddI(d) ). (y/i)r&d(/) Y La(t) ()

dd<y ¢<yod 4 (it b=t

A
Z AI(A) Z ()}/7)111(/) Z FA(/1)FA(/2)

A<y ¢<y/A lirba=t

(64) = Y AI(4) #(y/4,4), say,

A<y

in virtue of (61).

Furthermore, by (61) and (62), we find that 7(4) is the multiplicative function

u(d) E*(0) @ (9)
rsi ,
DL TG
which for an odd prime power p* is
®(p)—I*(p)

or zero according as o =1 or o > 1; similarly for 4 = 2% it is



24 Hooley, On the Barban-Davenport-Halberstam theorem: VIII
E*(2)—1=2

when o =1 but is zero otherwise. Hence, as

1 3 2 1 3 1
3 — = 1 _— — 1 = 1
() =2p) (*ez(p)> <+02(,,)> 92(p>< +92(p)+9;(,,)>

for p > 2 by (60) and (62), we conclude from (64) that?)

(65) sy =y, MDAEIDED f )y
ALy HZ(A)
on the understanding that
(66) (@= I <.

and ET(4)=1 or —2 according as 4 is odd or even.

6. The programme for the analysis of _#,(z,4)

We have reached a point on our ascent where some nicety in the analysis is needed
because several plausible paths we might take do not lead in the right direction. The source
of the estimation of _# (z, 4) is essentially the following corollary

_ 2 Zd
6 semn=y 0y @

Y L)L)

<z / d|/ 02(d) {1+ Er=4C
d,24)=1
2 2
W (d) (=1
= L ()T, (¢
L na A 7,k LG
@, 24) =1 /=0, modd
W2 (d) (. i d)

= ) say,

d<z Gz(d) ’

d,24)=1

of (64) and (60) and the fact that there are two different methods for dealing with
J*(z, 4;d), one of which is unsatisfactory for larger values of d and the other for smaller
values of d. Although there is an intermediate range of d for which both methods yield
significant information, direct use of the two consequential estimates in the summations
over d and 4 does not lead to adequately small remainder terms in the ensuing answer.

2) Owing to the presence of factors such as (m — v)? in sums over a variable m, it is frequently immaterial
whether the upper limit of summation is given by m < v or m <v. We choose the inequality that seems most
natural in each context.
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Instead, we must compare the two estimates for #*(z, 4;d) in the common area of im-
portance in order to fashion a new expression that permits the summation over d to be

performed in a semi-implicit and satisfactory manner.

Although the programme could be directly applied as described to ¢ (z, 4) itself.
it actually proves better for technical reasons to aim it in the first place at the surrogate sum

S (z,4) = Z (21_/)2/1—;1(/) Z ININGY)

(68)
r<= t+b=t
2
w2 (d)
= X @ L G0 % L)L
PRy E I /=0 mbdd f1tfr=¢
— Z 1> (d) ¥ (zy, 4;d) say
d<zy 0,(d) ’ ’
@ 24)=1

which is connected with _# (z, 4) by means of

Lemma 3. Let

w= 3 U= Y - mina,.

nzu nzu

where n denotes a positive integer and u> 0. Then

50 1) = sz(u) ~6u| sz(t)dt 122 j sz(z)dz
First, if
sy (u) = g w—n)a,,
then N
(69) 5o (1 )_Sl(u) 3y zj' 1(l)dl

Not being a mere consequence of partial summation, this is verified by noting that

and that
“ (t—n)*dt

t)dt Y dt
5:(0) =3u’ | (z‘—n)zal,,F:?au2 Y a,f i
0

n=u n

(u—n)3

1
_;é
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by an easy integration. Then, stating s, (#) in terms of s, (#) by means of the formula (69)
for the series with na, in place of @,, we obtain the lemma by substituting the resulting
expression for s, () in the same formula (69) and transforming into a single integral the
double integral that arises.

Lastly, in anticipation of what is to come, it is helpful to make some comment on
future notational conventions. Owing their origin in an increasingly indirect and implicit
manner from the originally given x and Q, the entities y, z, z;, 4, d will where necessary
be assumed to be subject to the restraints

(70) y=x/0Q; 4=y, z=yl4=21; 1=z5z; 0<z,Z2z;; d=z;
d square-free; (d,24) =1

and any other stipulations that are implicitly imposed by defined domains of summation.

7. Estimation of _#,*(z,, 4; d) — first method

If we scrutinize the conditions of summation in the sum %*(z,, 4;d) tacitly defined
in (68), we see that (¢,,d), (/,,d) in the inner addition have a common value e, say,
dividing d, wherefore we set

l,=ell, {,=el,, d =dle, A" =Ae

so that
(71) Ad=A'd’, (d,24)=1, (¢({{,,d)=1

because of (70). Hence, then suppressing the dashes from 7|, ¢, for notational convenience
and exploiting (61), we have

2
z
S (zy,4;d) = Zesrz(e) Z (;_/1_/2> ({1 + )T (4) T (4)
eld 1+ ¢2=z1/e
| K1+/250,médd’
(¢142,d") =1

(72) =) &I () f3(z /e, 45 d), say,

eld

wherein

Hs3(z,,4%5d") =2 Z (22_/1_/2)2111/(/1)/2111'(/2)
l{1+¢25z
ti+ s E/O,_modd’
(¢142,d") =1

by symmetry.

Even now we are not yet quite ready to commence detailed calculations, since we
need to add one last link to the chain of transformations of J, (x; Q) through the theory
of characters, denoting a character y, mod ¢, by y. or y* according as it is principal or
non-principal. We end up with the equation
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S3(25,475d") = Y (@@= O=0) T ()OI, (G) Y (=D x () i(%)

¢(dl) 1+l =1z x,modd’

2 2
= m /ﬁ%:zz (zyo =61 —=05) ya (L) Ly () (E5) 5 Ty (4)

¢(d ) *(_ ){ﬁ%zzz (Zz - /1_ fz)ZXf'(ﬁ)FA/(/J Z:f'(fz)fzfm(fz)
(ﬁ(d)ﬁ( 25 ¢(d) (b (= 1) Is5(zy, A" 1)
(73) ¢(d)f4( 2 4% d)+¢(d)f6(zz,4‘ ;d’), say,

whose constituents are in a form suitable for the analysis we plan.

We consider #, first, stating at once that its evaluation depends on whether d’' =1,
or d’ be a prime @, or d’ have more than one prime factor. Being obviously the generating
function for the inner sum in the representation

(74) Z Xar (4) Ty (¢1) Z (2, — 41— /2)2)(‘1'(/2)/2 Iy (4y)

(1<zy t2<(z2—"?1)

Z Xd'(/1)11|'(/1)f(22_/1’41,;‘1/): say,

(1<zp
of #,(z,,4";d"), the Dirichlet’s series

=y (O (L
O A

will also be seen to be the developing agent for the outer sum after it has been used to
evaluate .# (v, 4’;d’). For ¢ > 1, definition (60) implies that?)

1\ 1 1\ Y
75 = 1 I+ —)=1-— ==
73 F) p)rlz_;d/ { +< " 92(17)) r’ < Ps> } pIZJ/—,[PM' < ps>

= L(Sa Xd’) l_[ <1 +

pr24d

1
— (s ) FY (). say.
Qz(P)PS> (8, xa) Fyfar (), say

while, for ¢ > 0,
FRu) = T] <1 ! >_1 11 <1+ ! )(1 ! > I1 <1+ ! >_1
o (S) = —_—— R I— -
2ad b P, 0,(p)p° P! ida 0,(p)p°
p>

3) The condition p fd’ in the second product on the line below is unnecessary but helpful.
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1
(76) =§(s+1)<1—TH)M(S)@(A’d’,s), say .

1
Also, for ¢ > > in the first place,

(77)  M(s) = ST R ~ s
J;E p>@tr o pttPA=2/p—1/p* p*TA-=2/p—1/p?)

1 241/p 1 ( 1 >1}
= 1——— | {1+ 1+
pl:[2< p2s+2>{ 1_2/p_1/p2 ps+2 ps+1

_ N(
C{@2s+2)°

(1 1 1 241/p 24+1/p >

This with (75) and (76) supplies an analytic continuation for F(s) that is valid in any
1
extension of the half-plane ¢ = — 3 for which {(2s + 2) is zero-free; here N(s) is not only

regular and absolutely bounded for ¢ > — 1 but annihilates any poles of @ (4'd’,s).
Therefore the integrand in the formula

ctiwo s+ 2
v

1 1
— I, 4;d")=— Fo,(—1)—ds (0<v=z,;¢c>2
2 (U, s ) 27'[1.67{»00 A’ d (s )S(S+1)(S+2) s ( 0—227C )

has a factor

I (1—1,51_1)@@—1)

pld’
with residue ¢(d’)/d’ at s = 2; furthermore, its factor
1
I1 <1 - s1> {s =1L
pld’ p

is regular at s = 1 save when d’ =1, in which case it has residue { (0). Consequently, if we set

1
(78) €= pI;[Z <1 " 92(1’)17)’
_ 1 ! _ 0,(p)
lpZ(n)_p|nl;_p[>2 <1+ Qz(p)P> p|nl;_p[>2 p—2

and

(1, dfd=1,
=0, ifd>1,

then we conclude for 0 < v =< z, that



Hooley, On the Barban-Davenport-Halberstam theorem: VIII 29

<15(d)
PRSLT

<W>2f<A ) =5 wxmww“+%&zmuﬂm@mvmw3

0 {A/E d,ivge—A'Hog(v+2)}

3 3
d'u'f) = 0<(|z| + 1)261'441'6)

1 3
in a region of type 2 —A'/log(Jt|+2)<o< T

because (75), (76), and (77) imply

(s —1L)
OQ [2s)

By p(s—=1)

If (79) be substituted in (74) in company with the bound

Y Lu(£)=0(w),

we get =
1 d
<%)5%@Aﬂﬁ——€¢;)%Md>z(a—ﬂ%ﬂmrw)
(1< zp
1
SULOMOOCId0) T (- () (4)

3 7
e 117 5 ,~ A Viog(z2+2)
—|—0{Asd’4zzze ,

in which the two sums are estimated by the two formulae

‘ 1 ct+tioo us+4
(81) */;(u—/) Ya (£) Iy (/)—?C find/,A/(S)S(S+1)(S+2)(S+3)(S+4)ds,
®2) - Z w— 1) 0 (DT, (/)_LCTOF (s) u'? ds
6~ Kaj 2ni Y S G DG+ 2) (s + 3)

that are valid for 0 < u =z, and ¢ > 1, the main point of difference from what went before
being the reaction between the denominator s and the behaviour of Fj, 4. (s) at s =0. To
apply the second formula to the second term in the right of (79) when d’' =1, the main

1
fact needed is that the integrand then has a pole with residue — C;p,(4")u* at s=1 so
- : 24
that the sum in (82) is

13
(83) 24C7w2(A’)u4+0<u4>.

Similarly, for any value of d’, the pole of the integrand in (81) has residue

L b

(84) 20 7

py(4'd")u?
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at s =1, although the behaviour at s = 0 is more complicated than before. First, if " have
more than one prime factor, then

1
L(s,y4) = n <1 - ?) {(s)

pld’

has a zero of multiplicity greater than one at s = 0 and the integrand is therefore regular
there. Next, if d' = w,

% ={(0)logw

at s =0, the residue being

(85) 41—8C(0)M(0)@(A’d’, 0)u*logw

by (76). Also, if d’ =1, the integrand is

us+4

LAY SR d’
<F+;+ ><1 2S+1>C(S)M(S)@(Ad’s)(s+1)(s+2)(s+3)(s+4)

near s = 0 and the residue at s = 0 is therefore

C i (L0 M) 0'(4'd,0)
(86) {O)YM©0)O (4 d’0)4_8<éj(0) M©) T ed.o)
—1—%—%—%+10g2+10gu+v>
B Coout (U0) M'(0) O'(4'd,0) 25
={(0)M0)O 4 d’o)ﬁ<((0) + M(0) + 04'd.0) —§+10g2+logu+y>.

Finally, by the reasoning used in (79), the residual integral in all cases is

87) 0 {A/sd'iuze‘f"“"g‘“m}.

Let us collect together the results in (80), (83), (84), (85), (86), and (87) to form an
1
asymptotic formula for 2 S (z,,4";d"), noting that the result for z, <1 is correctly derived

but trivial. In all situations there is a residual term

3 7 %
(88) O{A/‘”’d"‘zgeA “’“ZZ”’}
and, by (84), a main term
1 ¢*(d")
(89) m C72 d/2 W22(A d) Z; s
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about which in fact all we shall need to know is that it is of the form A(d’, 4")z3. Also
when d’ = w there is an additional term

(90) ic C(O)M(O)sz(Ad)OQAd, 0)z¢logw

while, if d’ =1, there is instead the term

C0) M) O©'(Ad.0)
20) T M©) T 4.0

1
1) 48C7C(0)M(0)w2(ﬁd)@(dd,0)<
13 ‘
+logz, +7y— 0 +log2 )z

to be added.
The assessment of the constituent #s(z,, 4’; %) in the formula (73) for #,(z,,4";d")
is based on the generating functions
« X/ )F (/)
FA'(S’ X;k/) Z

and F, (s, x;), the former by analogy with the formulae for F, , (s) being equal through
analytic continuation to the last element in the chain of equations

x4 (p)
92 L(s, x¥ 1
©2) (5 )p}_ZIA' ( - HZ(P)PS>
X (p) x4 (p) 1 (p)
=L )L 1,1k 1— =5 1 s U= =551
(S,X ) (S+ y )p]|_2IA < pb ) p](_ZIA < + 02(p)p ) ( p >
= L(S’X§)L(s+19X;’)X(S)
where
(93) X(5) = X (5,45 28) = 0(4™) <a > i)

To direct this to the sums arising from the counterpart

04 S5z, 45 05) = Z 1 () Ty () Z (Zz_/1_/1)22;(/2)/2111'(/2)

(1< z> (r<zy—?l1

YooaF ()L () Iz, — £y, A5 k), say,

(1<1z2
of (74), the only substantial property of the Dirichlet’s L-functions needed is

Lemmad. Fora Dirichlet’s L-function formed with a non-principal character y, mod ¢,
we have
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1 .
Lis.9) {o({(|z|+1)q}2“”>”), if0<so=t,
50 = l—o' € .
0({(t1+Dg}2 """, if a<0.
First
1 ct+ioo Us+3
_j ,A’;_*, - F, ’_*, d >1
T S R
—ntico Us+3
=5 FE. (s, 15 ds ,
2ni _,,LOO w ST 6613
1
since the initially valid choice for ¢ can be reduced to —y = — — by Lemma 4 and the

regularity of the integrand for ¢ = —#. Secondly, by (94),

S gty = —— [ GID s s e ds
ST A T o DG+ +3) 2, a oA

here a well-known formula in the calculus of residues shews that the sum in the integrand
equals

1 criw Is+4re) .
— F., /’,‘*, s+s +3d/ ">
ai ) BT Ry s @>1)
1 e T'(s+4)I(s) ,
— s+3F,0, *, F/ /’ *, s+s+3d /’
3 Ey( Xd)+—2nl- _niiw o (s Xd)—F(s+S’—|—4) 2 S

where at this point in accordance with the conventions laid down in §2 the symbol I'(s)
denotes the Gamma-function and not the arithmetical function defined in (60). Therefore

—n+ioo s+3
O9) Sl A5 = 3 B0 T RO e s @
e L ReaE e O A
to estimate which we need the order relation
FM=(+17 2 2 (67> )
that comes from Stirling’s theorem. If ¢ = ¢’ = —# throughout, this gives

Fs+1)I(") <<|z|+1)5‘"(|t/|+1>‘5‘">

(96) ——==0 5
F(S+S +4) (|t|+|t/|+1)§_2'1

:O< 71 7>
(It[+D3(e' 1+ 1)*
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when ¢ and ¢’ are of the same sign. On the other hand, in the contrary instance, we may
consider the typical cases where |#']| > 2t and where | 7] < |t'| £ 2|t], in the former of which

(96) still holds because |t — ¢| > |¢], = |t |; but in the latter case, being

1 1 1
0{<|t| +1)2 (1] +1)2"e2""'},

the left-side of (96) is still obviously subject to the estimate in its right-side. Consequently,

by (95), (96), and Lemma 4,

3
97) Is(z, 45 78) = O ( dz3>
©® ditdt’
+0{ ,Ed,1+3n+s 3-— 2r1j~ j‘ é_ﬂ 5_37’}
0 O (l+1)4 2 (l/+1)4 2

3n, . 4 . s

- o<A'8d'“ 2703 ”> Ot T )T,
a better estimate could be obtained by using mean-value theorems for L-functions but
would not confer any greater benefits for our present investigation

All is in place for the production of the earlier formula for #*(z,, 4;d). First, by
(73) and (97), the contribution of % (z,/e, 4"; xF) to £*(z,,4;d) via (72) is

I (e)>+0< Arqi e g3 - Z"Z Fffe))

1+3n eld e

eld e

= 0<A£d“3"“zf”> + 0<A£d“3””232"> .

Also, by some minor calculations, we see that the combined effect of (88), (89), (90), and

3 _
(98) 0<A£d“z"”zf Ty 4

(91) on £y*(z,, 45d) in (72) is
2 4

(99) H,(4,d)z + C7C(O)M(O)WZ(Af;)d@(Ad,O)F (d)z3 le

{'(0)  M'(0)  ©'(44,0)

{0)  M(©O)  ©(4d,0)

logw
r*(m)

L G EO MOy, (4d) 6(44, 0)I'*(d)zf

12d
13 A AT L) S —
e ,
+log+y—+log2>+0< ! 4 e 4 1°g{(zl/e”2}>
d 12 ¢(d) % od
1 7 "Viee(z1 + -
=HI(A,d)zf+H2(A,d)z‘l‘logzl+H3(A,d)z‘1‘+0<A5d4zfeA ‘°g‘“”>>, say,
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where H,(4,d) has its provenance in the function A (d’, 4") appearing implicitly in (89).
Thus #*(z,,4;d) is the sum of the expressions in the final terms of (98) and (99).

Lastly, having found our first formula for #*(z,,4;d), we can comment on our
choosing to make #,(z, 4) the first object of the treatment. A barrier to a simple analysis
of the sum #*(z,, 4;d) in (67) is the presence of the denominator # that precludes effec-
tive iterated summations over /; and /, and that necessitates instead some unwelcome
device such as the wholesale use of double contour integrals. Although the most obvious
method of overcoming this difficulty would be simply to remove the denominator / and
to use (69) in place of the consequential Lemma 3, the calculations parallel to those we
employed would become onerous in connection with multiple poles occurring in the inte-
grands; however, by changing the réle of / from denominator to numerator, we see that
the first and second integrations are considerably simplified.

8. Estimation of _#,*(z,,4;d) — second method

In the second procedure for calculating #;f(z,, 4;d) we deal directly with the inner
sum

‘QA(/) = Z 111(/1)111(4)

1+ lr=¢

that is contained in its implicit definition by (68) as a double sum.

Since
2
= (m)
I'(L) =
@ er:L Hz(m)
(m,24)=1

by (60), we have

Z Nz(m1),u2(mz)v(m1am2a /)

mi,ma< ¢ 0,(my)0,(m,) ’
(my,my,24)=1

Q) =

where v(m, m,, /) is the number of positive solutions in r;, r, of the indeterminate equa-
tion m, r, + m,r, = £ and where therefore

/[ [my,my]4+0@1), if (m,m,)|Z,
0, otherwise .

v(my,m,, /) = {

Consequently, if we write

Z Hz(m1)ﬂz(m2)(m1>m2)
(myma,24)=1 0,(my) 0,(my) mym,

(m1,ma)|¢

Qi) =

for convenience, then®)

4) It is helpful to keep the condition 2 4 m,m, in what follows because 0, (2) is negative.
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Z .uz(m1).“2(m2)>+0<f z ,uz(ml),uz(mz)(ml,mz)>

mi,my<? 0,(m,)0,(m,) mze 0,(my)0,(my)mym,
2ymyimy 2fmimy

QA(/)_/QZK(/)=O<

2);"1 m2 2 2 2

= 0(log>/) + 0 </ > £ %mé,);;;,fml)>
zl*gmf 2 1 1

(100) = 0(log?/) + O(1) = O(log?2/)

by elementary calculations implicating divisor-type functions. Also, exploiting the gener-
alization of Euler’s theorem to series containing multiplicative functions f(m,,m,) such
that f(mim{, mymy) = f(my,m}) f(m{,my) when (mim5,m{mj)) =1, we deduce that

2 2 1
Q) = 1 1
4 JL( +92(p)p> th( +92(17)17+9%(19)1!))’

prt prl¢

from which and the equality

2 (-1’
RO,

(101) 1

it follows that

2 1
102 Q*(/) = 1 I
(102 @ 5’( +02<p>p>,,*r£< +02(p>(p—1>>

rl¢
_ CUMU)K()
- K}
where
( C, = 1 2 >
s pl:[z< 0, 0p)
2 \! p0,(p)
(103) v =11 <” 92<p)> - oo
1
d K¢)= 1+— .
- “ H( +02<p)(p—1>2>
In all, we therefore find that
_CUMAK() ! 2
(104) QA(/)—W+O(log 27)

from (100) and (102).
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By way of (68) and (104) we return to %*(z,, 4;d) and infer that

)2 ztlog?2z,
(105) 45*(zp, A;d) = CU(A) Y. (Zl_/)zl% 0<Oi>

/=0,modd

41og?2
= CoU(A) f5(z,, A;d) + o(%) say,

the generating function for the sum £ (z,, 4;d) being the Dirichlet’s series
5 K() 1< )l_[K()<1 1>1n<1 1)1
TI(7 AN S s s p s T s
¢=0,modd K{(/,A)}/ d 2 pld P pl4a p

K(p) 1\!
1 1— —
Xpl;[A{ " r’ ( ps> }

p>2
K(d){(s) 1
=5 [T (1+{K(p-1}
pra p
p>2
1
(106) = 5 K(d){(s)Gy(s), say,
3
where (103) shews that G, (s) represents an absolutely bounded regular function foro = — 5
Hence, in the familiar way,
ct+ioo Zi+4
A;d)=2K(d
5
for ¢ > 1 in the first place, wherefore, by moving the line of integrationto ¢ = — e we obtain

1

dK(d)G (1) +0<d3 14).

[N

(107) S7(zy,45d) = 30

Thus, combining this with (105), we complete the second assessment by concluding that

—

41 22 5 1
(108) /2*(21,A;d)=H{“(A,d)zf’+0<wdzl>+O<d4 14)

for a suitable function H{"(4,d).

9. Treatments of _#,(z,,4) and #,(z,4)

To synthesize an effective formula for #*(z,, 4;d) from those thus far obtained, we
first compare (98) and (99) with (108) for any given values of 4 and d and deduce that

H\(4,d) = H{"(4,d)
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by letting z; — co. Thus, by part of the calculation that led from (107) to (108),

IS

5
(109) H\(4,d)z} = CyU(4) £,(z,, 4:d) + O <d4z1 )
so that (98) and (99) yield
(110) 7%y, 4;d) = CuU(A) 4 (21, A:d) + Hy (A, d) 2 log 2, + Hy (4,d) =3

19 23 11 11 1 7 i ViceGit D)
+0<A8d16+3218>—|—0<418d8 **zl4>+0<md 472074 “’““”’)

1
when n = 3 as before. Both this formula and its variant (108) being valid for 1<z, <z

not only when d < z, but even when d < z, an examination of H, (4,d) and H;(4, d) with
the aid of (99), (76), and (78) shews that the second and third explicit terms on the right
of (110) may be conveniently added to the right of (108) provided that the log? 2z, appear-
ing in the latter be replaced by z°. But it is easily confirmed that

1 »

_ 19 23 1111, , 19 23
min|(d1ez8 +d8z4,z{/d)=min(d'°z38 z{/d],

where it is critical to the method that z{/d only take the smaller value in a range of d com-
18 1

mencing at a value 21375 that is significantly larger that zf. In summary, therefore, we have
the formula

(111) £ (zy,4;d) = CaU(A) #5(24, 4;d) + HZ(A’d)Z‘flOg% + Hs(A,d)Z‘f

19 23 17 A\ ViegziF¥ D)
+0{Aﬁzsmin<d1 zls,zf/d>}+0<md dr2¢7 1 1°*="“”’>.

Ere we continue our climb, it is appropriate to pause awhile to look back on our
recent route. The inadequacy of the first method in §7 for larger values of d is actually
related to the estimation of #(z, 4";d’) in (73), which notwithstanding initial impressions
actually contributes in all a term of significant size to the expression being evaluated. To
best appreciate this effect we remark that, had we been working directly with ¢, (s, 4)
instead of with %, (s, 4), the analysis of the counterpart of % (z,, 4'; x¥) through a double
contour integral would have, inter alia, thrown up an explicit term containing | L(0, y)|?,
the summation of which over y} would not involve cancellation because L (0, yJ) = 0 when
1% (—1)=1. But, as our procedure demonstrates, this apparently awkward donation to
the work can be accounted for by substituting Cg U(A) 4, (z,,4;d) for H,(4,d) z;, which
action additionally means that difficulties associated with the consequential summation
over d are circumvented by the use of (112) and (113) below.

In preparation for the evaluation of #(z, 4), we make a nominal change in the range
of summation over d (still square-free as in (70)) in (68) to give the equivalent represen-
tation of #,(z,,4) as
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¥z, 45 d
Y M (z,21;z22z)
0,(d)

d<z
@, 24)=1

and then temporarily agree for clarity to let the symbol O%( ) denote a quantity that is

O( f) and that is independent of z. We then see from (111), (105), and (60) that
H,(4, d) 4y Hy(4,d)
0,(d)

F(/)K(/)/2
5 (21, 4) = G U(4 —/)*
Sz, 4) 8 (){;1(21 ) K{(/,A)} 1 1d§2 0,(d) 2.
23 19
Aiz 8 T Te A‘SZ‘IH‘g
() o
20w ) LR T @
7
Aezje—Hog(zl+2) 1
0z 1 0 4+¢
R ( >+ ( g &d@(d))

1
d*0,(d)
- og(z 1
+0< € “3(1‘*'2)2 1 >
&= dh0, ()

within which the remainder terms amount to
e 4+te e.2 ,—Vlo (z1+2)
Oz< 1322>+Oz< %€V10g(zl+2)>+0<A Zl >+0<A lee ¢ >
z .
z € ] —Vlog(zy +2) AEZ%
=0%(4°z2e ! + 0 ;i
Z4
Hence
L (K({)!?
(112) 7, (z,, 4) = CaU(A) (z,—0)* 2 + 24 H¥ (2, M) logz
e 2y (%) 1
3
€ 7
—|—Z;"H§<(Z,A)+0< T >—|—0 <A8212e_'1°g‘z‘+2)>, say .
P

Let us now insert this expression for #,(z,, 4) into the formula for ¢, (z, 4) given by
Lemma 3. The impact of the first term on the right side of (112) is clearly
r,()K(
(/) K( )le(z,A), say |

(113) CsUUN) Y (z—1)? ()

while that of the other terms is
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z?logzH¥ (z,A) + 22 H¥ (z,4) — 62 H (z, 4) [ logudu — 6z H¥ (z, A) | du
1 1

z

logud : g
F1222HE (2, 4) [ 228 !
1

+1222Hf (z,4) | —
1ou

3 , z e—A’]/log(u+2)
+0 (AEZZeA l°g‘z+2)> +0 <A‘Z§ N S du>

1 u2

Zoo Ase—A’Vlog(u+2) , © e—A’Hog(u+2) 7 ©° du
+1222 (07 (2 Naur 028 [ du) + O 254
1 1

3 3
u2 z uz

=6z2log*zH} (z,4) + z*logz {—5SHF (z, A) + 12 H¥ (2, 4)}
+ 22 {6 H¥(z,A) — 5H¥(z, A) + H¥(4)} + O <A€z%e‘“/m>, say,
wherein
(114) H}(A)= 0(4Y).
The only constituents in these formulae that are not in readiness for their use in formula

(64) for #(y) are the first two terms in the antepenultimate line, which when transformed
for z=y/A and combined with the following terms produce

H3(y/4,4) N y*logy

(115) 6y2log?y Ve YE

{=5HZ(y/4,4) + 12H} (/4. 4)

2
—12H3(y/ A4, 4)log A} + %{61{;@/4,4)1054 +S5HE(y/4,4)log A

—12H3 (y/ A, D)log A+ 6 HF (v/ 4, 4) = SHE (y/ A, 4) + H,(4)}

3

+ 0 (AEJQZ e—A'Llog{(Y/A)*'Z})
A2

=y*log’yVy(y/4,4)+ y*logy Vi(y /4, 4) + y*Vy(y/ 4, 4)

N 0<Ayseﬁ> o
Ai

Then, in anticipation of the estimation of ¢(y) that is to follow, we write

(116) AGEDS p(A) AET (A)T(4)

Z 0, () Vily/4,4)

in order to get the decomposition
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117 F) =W (») +y*log?y Wy (») + y*logy W (») + y* W, (»)

3 1 iVienia+2)
+0<y2 Z e A log(y/A+2)>

5
A<y A4

3
= W, () + y2log?y Wy (») + y2logy Wy (») + »? W(y)+0< 2¢ “"*”‘””)

that flows from (65), (59), (66), and (115).

Finally, we should remark at once that the complication in the form of V,(y/4, 4)
is not reflected in the estimation of the corresponding sum W, (y), which can be quickly
dismissed and has little influence on the final outcome.

10. Estimation of _#(y)

The summit is almost in sight because all information needed for our theorem will
be available once the sums W,(y) have been assessed.

Pointing (116) and (113) at the primary sum W,(y), we have

_ WD UM ET (M)t (M) (1)K (/)
(118) Wl(y)—CgA;y(y—M) 20, K{(Z, 1)}

=Cg ) (y—n)a,, say,

n<y

in which, being seen to be multiplicative, the coefficient a, is equal for an odd prime power
p* to

_U(p)

I'(p)K(p) 20,(p)
(1 50) (* oe=r) "o (o  Ew)
a 0,(p) 0,(p)(p—1)* (p—1)7 0,(p) (p) 03 (p)
1 1 2 1 p p

BT R AT BT IV AR P S R oy ey

in virtue of (60). Since also a, =2 when n is a power 2% the generating function of the

sum in (118) is
2(, 1\ o (1T
< 2) }pUz{H(p—DPS(l ps) }

Li-{o

Ty
-o(z) () T Goy)

=L s+ Dh(s)
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in the notation of the lemmata numbered 1 both here and in I. Hence, by following earlier
procedures as exemplified in the proof of the above-mentioned lemmata and by recalling
that £(0) =1, we find that

[RC)I4E))

(119) W =3G" 7

¥+ Cgl(0)y*logy
+Bsy2 + 0<yge—A’V10g(y+2)>’

where Bg is an absolute constant whose specific value is immaterial.

The evaluation of the remaining sums W,(y) has a different origin from that of W, ()
but still involves the use of multiplicative functions in such a manner that a single sum-
mation suffices in each case. First, by (116), (115), and (99),

1 ¥2(4d) ©(4d.0) k(A E' (4)t(4) I'*(d)
W) =3 CLOMO T 10, (4]

1
= CLOMO) Y a;. say,
n<y
the summand «, being multiplicative and equal to
¥, (n) @ (n,0) 2
— () EN( M)t (M) T *(d) .
n 02 (}’l) dAZ= n

Owing to (70), a, is only non-zero when #n is square-free and, by (60), (76), and (78), is
equal to
v, (p) @ (p,0) (r
p0,(p)

1 R Ly
2 _ = — 1 1+ —
(p) —t(p)) p03(p) < " Pez(P)> ( " 62(]9)>

1

2 - _ -
(120) 2 (7 —20,(p)

when 7 is an odd prime p; also a, =1. Hence

(121) W2(y)=%C7((0)M(O) i a;+0<%>

n=1

1 1 1
=3 GLOMOA+D 1] <1 B p(p—i)ol(m) " O(F)

-2 6 (. 1\(p-1) 0, i
= {(0 . 1— = . ol =
CO 11 %5.5) ez(p)< p)(p—m 6.(p) © <y>

—c) 1 270 +0<%>

p>2 pBZ(p)
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1
Y
by the relation
P(p=20,(p)=1=p(p=2)0,(p)+p(p—=2)=1=p(p—-10,(p)
and (76), (78), and (27).

Secondly, in considering W} (y), we are fain to identify the summand in the sum over
d that represents V;(y/4, 4). Since this is seen to be

20) " M©)

O'(44d,0) logw
O (4d,0) E‘d I'*(m)

+ %C7C(0)M(0)1p2(Ad)@(Ad,O)FZ(d) <—logdA +

by another referral to (115) and (99), we infer from (116) that

C,LO)M(0) X a,

n<y

~ 3 o  M©O
(122) W, (y) = <—§ Tlog2+ v o) T ) J”)

+C, L) M(O) Y a,;<—1ogn +

n=<y

@'(n,0)
O (n,0)

P, (n) O (n,0) 5 logm
+ C,(0) M(0) EyWMZ:nﬂ(A)E*(A)T(A)F (d) u_;d (@)

3 CO) | M)
—<—2+10g2+ 2(0) + M) +V>

C,LO0)M(0) ) a,

n=y

+CLO)M©O) Y @)+ C.LO)M©O) Y a)

n=y n<y

=Ws(») + Ws(y) + W5(y), say,

where it is immediate that

23 =|—3+4+2log2+2
(123) () ( +2log2 425 420 0 ;

“O +2 M©) + 2y> Csl(0)+ 0O (%)

from the calculation that gave (121).
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To treat the series contained in W;(y), delimit the range of summation to obtain

© log?2
(124) Ya =Y a,:’+0< Og/)

n<y n=1 Y

and introduce the multiplicative factor

R(I’l M) — eu(—logn+@’(n,0)/@(n,0))
b

in order to evaluate the infinite series as the derivative of

o0

Y a,R(nu) =[] (1+ a,R(p,u))

n=1

at u = 0. Accordingly

& & —logp + @'(p,0)/ O (p,0
Z/’#’:(Z >Z ,(—logp 1+(;v )/ (p.0))

Z 1 logp 1
- ) Zloe2 — 7 R (R T
<Za">{ ploe2= 2, p(p—1>62(p)< ”61(19))}

_(_ logp (p—10,(p)
- < log2+2 ), p(p—1>ez(p>> =200

and

1 log?2
(125) W, (y) = <—1og2+2 Y %) CSC(O)+0< 0§2y>,

whither we are led in turn by (124), (76), and (120).

The estimation of W, (y) is similar to that of W, (y) save that we avail ourselves of
the multiplicative function

<Z 1ogw/r2<n>>

rld

to take account of the additive factor appearing in a,”. Suppressing therefore the details
of the calculation in this instance, we report that

1 log?2
W7(y>=( y Og”)>cc<0>+0<°g y>

p>2 Y
_ <_1og2+22 o gp1)>c §(0)+0<1°§2y>,
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which equation together with (122), (123), and (125) allows us to conclude that

126 w0 = (=342 2428 B e +o 22
because
M) _ (_ logp 10gp> _ logp
M (0) p>2 0,(p) p—1 p>2 p(p—"10,(p)
by (76).

As for the remaining constituent W, (y) in (117), it is evident from (115) and (114)
that the above methods yield

yS
(127) W4(y)=Bg+0<7>
for some absolute constant B,.

The required formula for #(y) now follows from (117), (119), (121), (126), and (127),
which yield

2){(3 1
(128 700 =360 = S ctoty

C,(O) logp 3 —A' ]/log(y+2)
+C yzlogy<1— —y— + Byy*+ 0| y2e
’ £(0) > p(p—1) 1o

1
after the value — 2 for {(0) has been inserted into the estimates.

11. The final theorem

The going gets easier as we approach the summit since all we now have to do is to
gather together the estimates already found.

First, since
- 1 B 1 (p—1)?
GGt ™ pljz <1 (p—1)7° > <1 p(p— 2)> 0>(p)p

_ g =2 0:(p) (p=1)*
pe2 (P—=1D? p=2 0,(p)p

by (54), (60), and (103), we infer from (63) and (128) that

X
x%log —
0

_1O) R 1 02x+1<1_5/(0)_y_ 1ogp>
6 (6 0 4 Q0 2 £(0) , p(p—1)

2

1 3 4 og{(x X
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wherefore we gain

1¢2)L3 1 1 1 1
5:060.00 = ¢ * 0L (L - D)= Tt towxion £ — 12 1ox0,~ 107 0)
L/, O logp Q 1 3,4V x*
+§<1— 70) —y— A p(p_1)>leogQ—l+0<Q2xze >+0<logAx>

by (20). Hence, combining this with (17) and (30) in (15), we have

LB L (1 1 £(0) logp 0
H (e — 3 —_—_ )3 2log =
SH Q.00 = ¢ =7~ (Ql Q) <c<0)”+§p(p—1)>x 60,

— %xz(long1 —log? Q) + §(12) Oxlog*x+ 0O <Qxlogxlog2 ZQx>

1 3 _ Vs 0T 2
+0<Q2X2€ A log((x/Q)+2}>+0< xA >’
log” x

which equation partial summation transforms into

2){(3 (0 1
5,0:0.00 = 2D 010, £ 5(C 70200,

1
+3X2(Q10gQ—Q—Q110gQ1+Q1)+T(z)(QZ—Qf)XIOgZX

3

2x 2x 3 3 4Vigix/0) +2) X
—{—O{xlOgX(Qzlong+Q%10g3Q1>}+0<Q2x26 A" Vieg{( /Q)+2}>+0<10gAx>

(D3 . 0 , £(0) logp \ - ,
- log= +3 1 —3(1
() 08g, T loed ( +c<0)”+§p<p—1)>gx

1 2x
+——02%xlo 2x+0< 2xlogxlo 2—)
2C(2)Q g 0 gxlog 0

3 3 _ Voo E s 3
+0<Q2x2e 4 l"g{(x/Q)+2}>+0< XA >
log” x

because of (3) and (5).

This, (12), and (10) then yield the estimate

1 2
S(x,0) = 5®) 0*xlog*x+ 0O <Q2x10gx10g2 5)

3

+0<Q§xge_A/W>+0< xA >
log” x

that we need.
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At last we have the theorems we sought. First there is

Theorem 1. Let

Sx,Q)= Y ¢k) Y E*(x;ak),

k<Q 0<ask
(a.k)=1

where E(x; a, k) is defined in the Introduction. Then, as x — o0,

S(x,Q)=o<Q3x310g3x>+0< x? >

log” x

when Q = o(x/logx).
We also have

Theorem 2. [If x/logx < Q < x, then

202

2
S(x,0) = szlog2x+0<Q2x10gxlog2 Qx>

Noting the o-term in Theorem 1 can be improved when Q < x/log***x, we end by
remarking on the linkage between these results and those in VII.
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