CELLULAR STRUCTURES DETERMINED BY POL YGONS AND
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Abstra ct. The polytop e structure of the assaciahedron is decomposed into
two categories, types and classes. The classication of types is related to
integer partitions, whereas the classespresent a new combinatorial problem.
We solve this, generalizing the work of [25], and incorp orate the results into

prop erties of the moduli spaceM § (R) studied in [8]. Connections are discussed
with relation to classic combinatorial problems as well as to other sciences.

1. The Real Moduli Space

1.1. The Riemann moduli spaceM g of surfacesof gerus g with n marked points
has becomea certral object in mathematical physics. Introduced in Algebraic
Geometry, there is a natural compacti cation Wg of thesespacestheir importance
was emphasizedby Grothendiedk in his famousEsquissed'un programme [12]. The
special casewhen g = 0, the spaceM J(C) of n punctures on the sphere CP?, is
a building block leading to higher genera. They play a crucial role in the theory
of Gromov-Witten invariants and symplectic geometry Furthermore, they appear
in the work of Kontsevich on quantum cohomology and are closely related to the
operads of homotopy theory. We look at the real points M §(R) of this space;
theseare the setof xed points under complex conjugation. This moduli spacewill

provide the motivation to study certain combinatorial objects.

De nition  1.1.1. The real Deligne-Knudsen-Mumfod moduli spaceM §(R) is a
compacti cation of the con gurations of n labeled points on RP* quotiented by the
action of PGI,(R).

M J(R) is a manifold without boundary of real dimensionn 3. The moduli
spaceis a point when n = 3 and RP! whenn = 4. For n > 4, these spaces
becomenon-orierntable. Figure 1 showvs M 3(R) (shaded) as the connectedsum of
v e copiesof RP?, with the four hexagonal boundaries'and the outer circle carrying
antip odal action. In general,M [} (R) can be described as the iterated blow-ups of
real projective spaces(see[16, x4], [8, x4]), getting extremely complicated as n
increases.



2 SATY AN L. DEV ADOSS AND RONALD C. READ

LV

Figure 1. M 3(R)

Remark. The diagram shown in Figure 1 is rst found in the work of Brahana
and Coble in 1926 [5, x1], relating to possibilities of maps with twelve v e-sided
courtries.

1.2. A beautiful fact about the moduli spaceis its tiling by the corvex polytope
known as the assaiahedron K,,. It is the geometric realization of the poset of
all meaningful bracketings on n variables. Originally de ned for usein homotopy
theory by Stashe [30, x2], it was later given a corvex polytope realization by Lee
[17]. We usean alternativ e de nition:

Denition 1.2.1. The assaiahadron K, is a corvex polytope of dim n 2 with
codimensionk facescorresponding to using k non-intersecting diagonalson an (n+
1)-gon.

Figure 2. AsscaciahedraK s, K4 and Ks

Example 1.2.2. The assaiahedronK, is apoint. Figure 2 shonsthe assaiahedra
K3, K4, and K. For instance, the polytope K 4 is a pentagon whosesides(codim
onefaces)are labeledwith 5-gonswith onediagonal and whosevertices (codim two
faces)are labeled with 5-gonswith two diagonals?
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Figure 3. Polygonsand clusters

We redraw our pictures of dissectedpolygonssothat every region of the dissec-
tion becomesa regular polygon without diagonals. In the nomenclature of [25], we
denote the resulting object as a cluster, where ead regular polygon of the cluster
is called a cell. Thusthe polygon shown in Figure 3awith v e diagonalsis redrawn
as a cluster in Figure 3b having six cells. Clearly dissectedpolygons and clusters
are equinumerous,and it is sometimeseasierto work with clustersrather than with
dissections,asthe following important property of the ass@iahedrondemonstrates.

Prop osition 1.2.3. [30, x2] Each face of K, is a product of lower dimensional
asseiahalra.

Example 1.2.4. Welook at the top (codim one)facesof K 5. The three-dimensional
K's correspondsto a 6-gon, which hastwo distinct ways of adding a diagonal. One
way, in Figure 4a, shaws the 6-gon as a cluster of two 4-gon cells; eat cell corre-
spondsto the line segmen K 3, where the product of two sud is a square. Alter-

natively, Figure 4b illustrates the other type of face, which is the product of K,

(point) and K 4 (pentagon).

/)~ — O
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Figure 4. Codim one facesof K 5

1.3. It wasshawn in [8, x2] that M J(R) is tessellatedby exactly %(n 1)! copies
of K, 1. For example, obsene from Figure 1 that M 3(R) is tiled by twelve K 4
pertagons. The reasoningis as follows: There are n! possibleways of labeling the
sides of an n-gon, ead corresponding to an assaiahedron. Howewer, since there
exists a copy of the dihedral group D,, of order 2n in PGI,(R), and sinceM §(R) is
de ned asa quotient by PGI,(R), two labeledpolygons(assaiahedra) are identi ed

IMention of diagonals will henceforth mean non-intersecting ones.
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by an action of D. Therefore, in somesense ead assaiahedral domain of M §(R)
correspondsto a labeled n-gon up to rotation and re ection.

De nition  1.3.1. Let G(n; k) be the set of equivalence classesof lakeled regular
n-gonswith k diagonalsup to the action of D, . Let G be an elemen of G(n; k) and
d be a diagonal of G. The twist of G along d, denotedby r 4(G), is the polygon in
G(n; k) obtained by separating G along d into two parts, “twisting' (re ecting) one
of the pieces,and gluing them badk (Figure 5). It doesnot matter which pieceis
twisted sincethe two results are identi ed by an action of D,.
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Figure 5. Twist alongd

Theorem 1.3.2. [8, x4] Two labkeled polygons,G1; G, 2 G(n; k), representingcodim

k faces of asswiahedra, are identie d in M §(R) if there exist diagonalsd;;:::;d;
of G; suchthat

(ra, 1 4a)(G1)= Ga

The previous statemert shavs how copiesof ass@iahedraglue together to form the
moduli space.Figure 6 demonstratesM §(R) tiled by three K 3 line segmetts.
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Figure 6. Copiesof K3 and M §(R)

2. Categories of Faces

2.1. Recall that facesof assa@iahedra can be represerned by dissectedpolygons.
We give the following de nitions that categorizethe facesof K ,.

De nition  2.1.1. Two polygons G; and G, are of the same...
dimension if their corresponding facesare of the samedimension.
type if their corresponding facesare the samepolytope.
classif they are identied under the actions of D, and twisting.

Dimension, type and classare in increasingorder of ner partitions.

Example 2.1.2. In Figure 7, we note the di erence between the categories of
polygons belonging to K5. Recall that the number of diagonals of a polygon is
equalto the codim of its face;polygons(a) and (b) are of dim two, and (c) through
(e) are of dim zero. In particular, polygons (c) through (e) are of the sametype
(points) whereas(a) and (b) arenot; the polytope (a) is asquareand (b) a pentagon.
Only (d) and (e) are of the sameclass;that is, twisting along a diagonal of (d) will
result in (e).

(a) (b) (c) (d) (e)

Figure 7. Dierent facesof Ks

It makessenseto decomposethe facesinto dimensionsand polytopes, but what
doesit meanto talk about classes?The two di erent classesof points discussed
above correspond to the following: At one class(c), three perntagons meet; there
are two such points in Ks. The other class(d) is where two pertagons and one
squaremeet; there are twelve such points. Therefore, classesategorizethe di er ent
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ways polytopesintersect in K. This idea can be extendedto better understand the
structure of M §(R).

2.2. The combinatorics involving dimensionsare handled in [8]. We recall

Lemma 2.2.1. The numkber of facesin K, of codim k is
1 n+k n 2
k+ 1 k k

numkbker aloveis f,, ¢ ».

Proof. This was originally proved by ProfessorA. Cayley in 1891in nding the
number of partitions of an (n+ 1)-goninto k parts [6]. The recert work of Przytycki
and Sikora gives a short and elemenary proof while providing relations to knot
theory [23].

Remark. The number of facesin K,, of codim n 2 is the well-known Catalan

number ¢, = ﬁ Zn” . That is, there are ¢, verticesin the assa@iahedron K. It
is interesting to note that Stanley shaws sixty-six ways to represen the Catalan

numbers [29, Exercise6.19].

Theseare the three fundamental problems addressedin this paper:

P1. How many dierent types/classesof codim k are there in K, ?
P2. What are the di erent types/classesn K, of codim k?

P3. How many facesof K, belongto a given type/class?

In somesense facesof the assa@iahedron correspond to polygonsand facesof the
moduli spaceto labkeled polygons. Therefore, sincetypesand classeswere de ned
regardlessof labeling, the answersto P1 and P2 both carry over to the moduli
space. This is not the casefor P3. Howewer, we nd in [8] a formula (that follows
from Theorem 1.3.2) which addresseghis dilemma.

Prop osition 2.2.2. Let ( k;X) denotethe numkber of codim k facesin the CW-

complex X. Then
n!

(k§W8+l (R) = okt

( k;Kn):

2.3. In what follows, we nd solutionsto our fundamertal problemsregarding the
classi cation of types. We try to clarify the situation with the following example.

Example 2.3.1. Looking at the caseof Kg, Lemma 2.2.1 shows there to be 14
codim one faces. Figure 8 shows there to be two dierent types of such faces
(answers P1), one being K¢ and the other a pentagonal prism (answers P2). Out
of the 14 faces,there turn out to be sewen facesof ead type (answers P3).
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Figure 8. Codim onefacesof K¢
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Polygons are of the sametype if their corresponding assaiahedral faceshave
identical polytopal structure. As Proposition 1.2.3indicates, the polytope structure
is solely determined by the number of di erent cells, not the way these cells are
glued to form the cluster. The following notation is well-de ned: A faceis of type
h8Ms : 4M4 - j if it correspondsto a cluster that has m; number of i-sided cells.
The superscript m; = 1 aswell asthe terms with m; = 0 are omitted. For example,
the three typesin Figure 7 are, respectively,

0 : 4% = ha?i mat:4%: 5% = W3 5i 3
De ne px(n) to be the number of partitions of n 2 N into exactly k integers
Nqy;::i;ng, wheren; > 0andn=nq + + ng. There is no closedform for py(n)
but the following recurrencerelation provides a meansto calculate it:
(2.1) pe(n) = pc a(n 1)+ pe(n k)

Theorem 2.3.2 (Solution to P1 and P2). The numker of di er ent typesin K, of
codim k is px+1 (N 1). The dier ent partitions correspnd to the di er ent types,
wheen 1=n;+ + Ng41 IS asseiated with the polytope K, Kne -

Proof. An (n + 1)-gon with k diagonals (that is, a cluster containing k + 1 cells)
represens a codim k face of K,,. The type of a face depends on the polytope
structure; this is soley determined by the cells forming the cluster, not the way in
which they are arrangedto form the (n + 1)-gon. Asscciating an (n + 1)-gonto the
integern 1, obsene that partitioning the polygon into k + 1 cellsis identical to
partitioning the integerinto k + 1 parts.

P P
Theorem 2.3.3 (Solution to P3). Whenk= 1+ m;andn=1+ (i 2)m;,

the numkber of facesin K, of type 8™ : 4M+ : | is
1 n+k (mg+mg+ )
k+1 k m3! my! '

Proof. This is provenby Gouldenand Jackson[13, Exercise2.7.14]. Their argumert
is similar to the proof given below for the enumeration of A-clusters (see x3.1),
but without the twist operation and with the extra variables m; in the generating
function to mark the numbersof i-sidedregions. From the recursive equation for the
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generating function, the coe cien ts (functions of m;) are obtained by Lagrange's
theorem and then expandedusing the multinomial theorem.

Values computed are shown in Table 1 using Equation 2.1. For ead size of
polygon, and ead distribution of sizesof the cellsin the dissection, it givesthe
number of polygons which have that distribution. An example of an ertry for the
partition of a 10-gonshows that there are 660 polygonsof type h3? : 4: 6i. That is,
there are 660facesin K g that have the polyhedral structure of K, K, K3 Ks.

3. Classes and the Combinatorics of Twisting

3.1. Unliketypes,the problem with regardto classeds no longer classical. Count-
ing the number of dissectedpolygons up to rotation and re ection was studied in
[25].2 The di erence now comesfrom imposing the additional equivalencerelation
of twisting. The method usedto enumerate classesaturally follows asan extension
of [25].

Denition  3.1.1. A clusteris saidto be rooted at an outside edgeif one edge(the
root) of its perimeter is distinguished from the others. Figure 9a shaws the root
edgeas a thicker line. For corvenience,we refer to clusters rooted at an outside
edgeas A-clusters.

root —
edge N

Figure 9. Outside root edge

Let an.,, be the number of A-clusters having m cells and n outside edgesnot
courting the root edge. De ne the generating function
B.1) A(xy) = § amn X"y
where for the momen the limits for m and n are unspeci ed. For an A-cluster,
there will be one cell with the root edgeon its boundary; we can call this the root
cell. Assumethis cell has k unrooted edges. At ead of these edgeswe have the
option of gluing the root of some A-cluster to it.® Each of these glued clusters
cortributes its valuesof m and n to those of the resulting A-cluster. For the edges
of the root cell at which nothing was glued, the cortributions to m and n are 0 and
1 respectively. Hencethe generating function A(X;y) will corntain the term y. In
the rest of A(x;y), m goesfrom 1 upwards and n from 2 upwards.

2This is equinumerous to the set of outerplanar graphs.
3This gluing is identical to the composition map for operads in the context of rooted trees.
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We now have a typical Polya-classproblem.* There are k sites around the root
cell at eat of which we can place a gure, an A-cluster or just an edge,and the
parametersm and n are additive. The gure courting seriesis the function A(X;y)
just de ned. To accommalate the twisting operation, we must regard an A-cluster
asbeingequivalert to the oneobtained by reversingthe root edge| asin Figure 9a
and 9b. This reversal interchangesthe sites in pairs if k is even; if k is odd then
one site remains xed while the others interchangein pairs. Hencethe cycle-index

for this problem is
1
é(si +S;) k=2
1
ésl(sf +'s,) k=2 +1
By Polya's theorem, the generating function for A-clusters for which the root cell
hask unrooted edgesis obtained by putting s; = A(x;y) and s; = A(x?;y?) in the
appropriate formula above. Summing for k from 2 upwards we get a function of s;
and s,
11X 1 X
> sp+ 51+ s1) Sy,
2 2
k 2 1

which reducesto )
1 st | (A+s)s

21 5 1 s
By substituting s; = A(x;y) ands; = A(x?;y?) in this expression, multiplying
by x to accourt for the root cell, and adding the term y which we know must be
presen, we recover the generaingfunction A(x;y) for A-clusters. This givesthe

recursive equation
1 AMXY)? @+ AXY)AXY?)
2 AXy)=y+ - +
52 CYV=Y* 3 T Ay T 1 Ay
The occurrenceof A(x?2;y?) in this equation makesit impossibleto obtain a closed
form for the coe cien ts ay., but they can be successiely computed as far as one
wishes(seeTable 2).

Remark. Another proof of Lemma2.2.1is obtained by computing the corresponding
result above when twisting is not allowed. Then the relevant permutation group is
the identit y group, with cycle-index s, and the analog of Equation 3.2 is

X 2(y-

VXy) = VmnXTy" = y+ %

wherethe numbersvy,., arethe counterparts to the a,,., under the new conditions.
In this case,aswasshown in [25], a closedresult is possible:
1 n 2 m+n 1
mm 1 n '

Vmin =

4For information on such problems, see[21], [22], [27].



10 SATY AN L. DEV ADOSS AND RONALD C. READ
That is, Vim:n is the number of codim m 1 facesin K, ; valuesare givenin Table 3.

3.2. We now turn to clusters rooted at a cell, denoted as B -clusters. Figure 10
shows atypical B -cluster, having a distinguished cell (shown shaded)called the root
cell. A B-cluster is obtained by gluing A-clusters (including possibly the empty A-
cluster) by their roots to the edgesof the root cell. If the root cell is k-sided, we
have a Polya-classproblem for which the gure courting seriesis A(x;y) and the
permutation group is the dihedral group Dy.

root

Figure 10. Root cell

Sincethe twisting operation is allowed, the way that the A-clustersare attached
is not important. For this reasonwe are sparedthe tiresomenecessiy of distinguish-
ing betweensymmetric and asymmetric clusters which had greatly complicated the
enumerations performed in [25]. The cycle-indexof D is

1 x 1 k=r 1 2 1
2K (r)s + Z(Slsz +S;) k=2
rjk
1 X 41
x| (r)sk=" + 55182 k=2 +1
rjk

The B-clustersfor a given value of k are enumerated by substituting A(x;y) in this
cycle-index to get the generating function denoted by Z (D;A(X;y)). Hencethe
set of all B-clustersis enumerated by
B(xy) = § byn X™y" = X Z(Di; A Y)):
k 3
There seemsto be no way of simplifying this expression,but the coe cien ts can be
easily computed asfar as desired. Somevaluesfor by, are givenin Table 4.

3.3. The next erumeration is for clustersrooted at an inside edgewhich are asym-
metrical about that edge;that is, for which the two clustersat the edgearedi erent
(Figure 11). Clearly these C-clusters, as they can be called, are formed by gluing
together two di erent A-clusters, neither of which is the empty cluster, at their
root edges.

Polya's theorem shaws the generating function for these clusters would be ob-
tained by substituting A(X;y) v in the cycle-index of the symmetric group S,
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Figure 11. Inside root edge

namely %(sﬁ + Sp), but for the fact that we want the two A-clustersto be di erent.
A variant of Polya's theorem, which is well-known but in any caseeasily veri ed,
provides the required result by substituting instead in the expression%(sf S2).
Calling the resulting generating function C(x;y), we have

Couy) = SHAKY) )7 (AK%Y) YA
The nal step, going from the generating function for cell-rooted clusters to free
clusters (those not rooted at all), is carried out by meansof a theorem originally
due to Otter [19] (also see[14], [25, x4]). It statesthat the generating function for
thesefree clusters, call it F(x;y), is obtained by subtracting C(x;y) from B(X; y).
The number f .n Of clusterswith m cellsand n outside edges,is found from

X
F;y)=B(xy) Cxy)=  fmnx™y™

Somevaluesfor f ., are givenin Table 5. We have just proved

Theorem 3.3.1 (Solution to P1). The number of di er ent classesof K, of codim

Kis frs1mn+t -
4. Trees and the Complex Moduli Space

4.1. As ahelp in the study of the various classeswe prepared a set of drawings of
the corresponding dissectedpolygons up to ten vertices. Figures 22 - 26 illustrate
the di erent classeslabeled as n:k:i to denote an n-gon with k diagonalswherei
rangesfrom oneto fn+1.k+1 . The computer algorithm for doing this was nothing
out of the ordinary, but a few commerns on how the drawings wereproducedmay be
of someinterest. We exploited the connectionbetweendissectedpolygonsand trees
asillustrated in Figure 125 Treesdual to dissectedpolygonsare homeomorphically
irr educible, having no vertices of degreetwo.® Henceforth, mertion of trees will
imply homeomorphically irreducible ones. To ead dissectedpolygon, we assaiate
a tree imbedded in the plane. For ead diagonal of the polygon, there is a tree
edgeconnectingthe two vertices on either side. The twist operation correspondsto
re ecting one of the two subtreesat the endsof a given edge. Classescorrespond

5Considering dissected polygons as plane graphs, we obtain trees by taking their weak dual.
6They are also known as topological or reduced trees.
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Figure 12. Polygons, clusters, and trees

to planar imbeddingsof treesup to twisting. In other words, for a given class,eadh
vertex of the tree is given the addition information of preservingthe cyclic order of
edgesaround that vertex. The problem was therefore to produce one such tree for
ead class.

Sincethe trees neededwere quite small, it was not worth devising a clever algo-
rithm; both eleganceand e ciency weresacri ced for easeof programming. Rooted
trees, the root being a vertex of the tree, were generatedstep by step according to
height. There is onetree of height zero, and those of height one are the stars’ with
three or more edgesat the root. Those of height two were obtained by grafting a
subtree of height at most one, by its root, to the terminal vertices of thesestars. In
general,treesof height k were obtained by grafting treesof height at mostk 1. At
ead stage,if two trees were re ections of ead other, only one was retained, thus
taking care of the twist operation. This correspondsto producing clusters rooted
at an edge,which made possiblea ched that the right numbers of treeswere being
produced.

The resulting lists of rooted trees would usually contain seeral copies of the
sameunrooted tree. The unwanted duplicates were weededout by computing for
ead tree a code similar to that described in [26] and eliminating all but one of
those with the same code. The actual program corntained some re nements to
the procedure just described but we shall skip the details. It was a fairly simple
task to go from trees to dissectedpolygons. The diagrams® were then produced
automatically using programsthat had already beendeweloped for the production
of the book An Atlas of Graphs[2§].

Prop osition 4.1.1 (Solution to P2). The dier ent classescorresmpnd to the dif-
ferent picturesin Figures 22 - 26.

At a later stage we decidedto compute for ead classthe number of xed dis-
sections of that class. Had we thought of this earlier, it could have been done
more easily along with the generation of the classesput asit was, we derived these
numbers directly from the data on the dissectedpolygons. For eac such polygon,

7Also known as a corolla, a star is a collection of edgesmeeting at a common vertex.

8AIthough diagrams were created for ten-sided polygons, we do not include them here for the
sake of space.
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we producedthe xed polygonsobtainable from it by rotations or by combinations
of the twist operation. Note that twisting about somechords leavesthe diagram
unchanged, in which casethere is no point in performing the twist. For example,
those chords which have a single polygon on one side fall into this category, and
are easily recognised. For easeof programming, only the chords of this kind were
exemptedfrom the twist operation; no attempt was made to recognizeany others.
As a result, duplicates could, and were, produced. However, for polygonswith at
most ten sidesthere can be at most v e sud chords, so the number of duplicates
was small. They were eliminated by a suitable coding procedure, similar to that
mentioned above for trees. It is reassuringthat by summing these numbers for the
appropriate setsof classeswe recover the numbers given in Table 1.

Prop osition 4.1.2 (Solution to P3). The number of faces of K, of a particular
classis indicated in the top right-hand corner of each picture in Figures 22 - 26.

4.2. As mentioned above, there is a duality between clusters and trees. Clearly
ead cell of a cluster corresondsto a star in the tree. A faceof the assaiahedron of
a given type only recognizesthe set of stars, not the way in which they are grafted
to form the tree. However, a given classnot only seesthe underlying tree, but the
additional cyclic order of edgesaround ead vertex. Hence, facesof assaiahedra
can be categorizedby types,trees, and classesjn increasingorder of re nement.

Example 4.2.1. Figure 13 shows three dierent trees and their corresponding
(dual) polygons. All of them are of the sametype 42 : 5i and all fall into di erent
classes.Note, however, that the rst two correspond to the sametree, whereasthe
third doesnot. By not preservingthe cyclic order of edges,we obtain a distinction

that falls betweenthe categoriesof type and class.
Figure 13. Somefacesof Kg and their trees

The enumeration of all trees (not just homeomorphically irreducible ones) by
their degree partitions is given by Harary and Prins [15, x4]. They provide a
method for computing the generating function

X

H(x; tytp;::0) = hx™t )2
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where h is the number of trees having n vertices altogether, with n; vertices of
degreei. To get the number of homeomorphically irr educible trees h partitioned
by degree, we remove the possibility of any degreebeing two (letting t, = 0).
This involves only standard enumerative proceduresand the details are omitted.
We give below the equationsthat determine the required generating function for
homeomorphically irreducible trees?®

P = X(t]_ + tghg[P] + t4h3[P] + :)
R = Xx(t1P + tzhg[P] + t4h4[P]+ ::2)
H = R alP]

Theorem 4.2.2. The numkber of dier ent treesin K, of codim k is given by the
above geneating function
X
H=H(Xtts;::) = hx™ttge

X
wheem=n+k+ 1, m; = n, and m; = k+ 1

i 3
We note in passingthat all homeomorphically irreducible trees up to 16 vertices
are depicted in [28] together with their degreepartitions.

4.3. Roughly speaking, facesof the assaiahedroncorrespond to polygonsand faces
of the moduli spaceto labeled polygons. Both types (polytope structures) and
classes(intersections of polytopes) are natural objects in the assaiahedron and
the moduli space. We extend our idea of trees by labeling their external vertices.
Unfortunately, labeled treesare of little useto M J(R); the treesshawn in Figure 14
are identical consideredas labeled trees and yet distinct asfacesin M §(R).

Figure 14. Identical labeledtrees

Howevwer, labeled trees are exactly what are neededto understand the points of
the complex moduli spaceM §(C). A rough sketch for this is as follows: The real
moduli spaceM [ (R) comesfrom a con guration of labeled points on RP? (viewed
asacircle). Keepingtrack of the cyclic ordering of thesepoints is crucial, sincetwo
adjacert labeled points can switch placesonly by rst colliding with ead other.
Points on a circle giverise to the planarity of trees, and the collision/p ermutation of
adjacert points are kept track of with the twist operation. The situation is di erent

9The symmetric function notation for cycle-indexes has been used (see[24]). For example, we
write hp[P] in place of Z(Sh;P(X; t1;t2;:::)).
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for the complex case.M J(C) is basedon a con guration of labeled points on CP!
(viewed as a sphere). There are di eomorphisms of the spherewhich can permute
any two labeled points without their needto collide, giving rise to non-planar trees.
This is the fundamertal reasonthat the underlying structures are classesor M §(R)
and trees for M 3 (C).

Remark. We point out a few obsenations about moduli spacesand trees.

1. The codim k facesof M J(C) correspond to labeled trees with n external
vertices and k + 1 internal vertices. In particular, both M §(R) and M §(C) have
the samenumber of zerodim cells,enumerated by binary treeswith labeledexternal
vertices. In other words, the twist operation on planar binary trees removes the
restriction of planarity.

2. There are operad structures related to the moduli spacesM §(R) [8] and
M §(C) [11], classically described in terms of labeledtrees [4, x1.4]. The assaiahe-
dron is related to A; structures, whereasM §(R) seemsto play a similar role in
Fukaya's Lagrangian Floer cohomology

3. Kapranov [16] hasde ned a natural double cover of the moduli spaceM §(R)
by xing one of the n distinct labeled points in RP! to be 1 . Similar to M §(R),
this double cover also hasan underlying structure of labeledtrees[8, x4.3] with two
exceptions. First, the trees are no longer free but rooted at the label 1 . Second,
twisting is allowed except along the edgecortaining the root.

4. The reasonfor these moduli spacesto be characterized by trees without de-
greetwo verticesis due to the stability condition coming from Geometric Invariant
Theory [18, x8]. GIT givesa natural compacti cation of the spaceof gerus zero
algebraic curveswhich are stablein the senseof having only nitely many automor-
phisms; that is, the curvescannot have just two distinguished points.

5. The lIsotr opy Gr oup

5.1. Thereisanatural action of the symmetric group S, onM J(R) which permutes
the labelings of the n-gon. This action is certainly not free; therefore, for a given
facef in M J(R), its isotropy group S; S, neednot be trivial, where

Si=f 2&j (f)=fa

Giventwo distinct facesof M § (R) which are of the sameclass,their isotropy groups
are isomorphic; in fact, they are conjugate subgroupsin S,. We wish to determine,
up to isomorphism, the isotropy group of a given class;we interchangably write S
to denote the isotropy group of f and its isomorphism class.

Example 5.1.1. Let f bethe faceof M §(R) givenin Figure 15a;its classis 8:2:7.
Its isotropy group is generated by the re ections f(68); (35); (12)(83)(74)(65)g.
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Since the re ections commute, Sy is isomorphic to the direct product Z3. As
discussedabove, all isotropy groups of class8:2:7 will be isomorphic. In particular,
a face g of the sameclass,as shavn in Figure 15b, will have a conjugate subgroup
Sy = (24)(567) St (765)(42).

Figure 15. Faceswith conjugate subgroups

Corollary 5.1.2. For a givenclassn:k:i, let be the number of facesin K, ; of
this class. The number of facesin M §(R) of the classn:k:i is

(n D
2k+1

Proof. This immediately follows from Propositions 2.2.2and 4.1.2.

This can be obtained using another approac: Choosea dissectedpolygon rep-
reserting the classn:k:i. Under all possiblelabelings, there are n! such polygons,
many of which areidenti ed in M §(R). Sincethe isotropy group mapsthe polygon
to itself in the moduli space,we quotient n! by the order of the isotropy group jS¢ j,
wheref is any facein M J(R) of the given class. This provides another answer to
for the Corollary above; combining the results, we nd a solution to P3 alternate
to the one given in Proposition 4.1.2.

Prop osition 5.1.3. The number of facesin K, 1 of the classn:k:i is

n 2k+l
iSt]

5.2. The following sketchesonepossiblealgorithm for nding the group S¢. This is
donelocally (looking at ead cell of the cluster under twisting) and glotally (looking
at the entire dissectedpolygon under the dihedral group).

De nition  5.2.1. For a connectedgraph G, the distance betweentwo verticesx; y
is the minimum of the lengths of paths containing x and y. The eccentricity of a
vertex is the maximum of its distancesto all other vertices. The center of G is the
subgraphinduced by the vertices of minimum eccertricit y.
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It is a classicresult of graph theory that the certer of a tree is either one vertex or
one edge. Taking the dual, the certer of the dissectedpolygon is either a cell or a
diagonal.

Non-central cells: For eat non-certral cell of the polygon, obsene if there existsan
automorphism of the cell obtained by twisting alongdiagonals. If such a map exists,
then this cortributes Z, to S¢. Figure 16b shows the class9:4:10 asa cluster, with
the certral cell shaded. Out of the four non-cenral cells, three of them have a Z,
action (Figure 16c¢), cortributing Z3 to the isotropy group.

AN\

v/

Figure 16. Local cells

Central diagonal: If the certer is a diagonal, there are two possibilites: Obsene
whether or not there existsa (global) re ection alongthe certral diagonal. Figure 17
shows class8:3:8 with re ection and class8:3:10 without.

reflection no reflection

Figure 17. Central diagonal

Central cell: If the center is a cell, there are three possibilites. Figure 18a shows
class9:5:3 with the certral cell (shaded) having no symmetry. The cell could also
have just a re ection action (class 9:3:11), as in Figure 18b. Finally, for an n-
gon, there could be a dihedral action Dy on the certral cell, where k divides n.
Figure 18c shows class9:6:4 with the D3 group action.'®

Since there are no intersecting diagonals, the dierent twists and re ections,
along with any dihedral group action, all commute. Therefore,to nd the isotropy
group, we look at the cortribution of ead local and global action and simply take
their direct product. For example,the isotropy groups (up to isomorphism) for the

10AIthough the picture shown has obvious Z3 rotation symmetry, re ection is also possible due
to twisting.
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no symmetry reflection dihedral

Figure 18. Cerntral cell

polygonsof Figure 18are Z4, Z4, and Z3 D3, respectively. Using Proposition 5.1.3,
we calculate for eadh of the classedo be 36, 9, and 24, respectively, matching the
values obtained from Proposition 4.1.2.

Remark. Each classcorrespondsto a polytope. By de nition, ead elemen of the
isotropy group maps the polytope to itself; but what type of map is it? Using
Figure 15aasan exampleof a facef , we shav how the generatorsof S; act on the
polytope. Note that the polytope structure of f is a cube, the product of three line
segmers, aslabeledin Figure 19. The actions of the three generatorsof S given
in Example 5.1.1 are the re ections along the shadedplanes.

@

(68) (35) (12)(47)(38)(56)

Figure 19. Labeled polytope
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6. Applica tions

6.1. We rst point out a few interesting similarities to classicalcombinatorics [7,
x1.15]. As noted above, partitioning of an n-gon using k diagonals corresponds
to using k sets of brackets meaningfully on n 1 non-commutative variables (see
Figure 20).

(12)(34) O
12(34) (12)34 Yy O
1(2(34) (1234 Q 2
1(234) (123)4 Q O
1((23)4) 123)4  (1(3))4 € O ©

Figure 20. Parenthesesand Polygons

The Genenalized bracketing problem of Schreder is to nd the number s, of
di erent bracketings of n variables using an arbitrary number of brackets (where
ead bracket must contain at leasttwo elemerts). Lemma 2.2.1givesusthe number
of di erent bracketing for a xed setof k brackets. Summing up, we nd
X% 1 n+k n o2

STk F1 K K
k=0

The Wedderburn-Etherington commutative bracketingproblemisto nd the num-
ber w, of ways of using n 2 sets of brackets meaningfully on n commutative
variables. In other words, it is the number of di erent bracketingsthat arise from
commuting binary subproducts. It is not too hard to seethat wy, givesthe number
of (n + 1)-gonswith maximal diagonalsrooted at an outside edge,identied up to
re ection along the root edgeand twisting along diagonals, but not rotation. It
follows that wy, = an 1.n (SeeTable 2). Figure 21 shovs ws = 2 and ws = 3 as
polygon and bracketing represertations.

(00)(00)  0(0(00)) (00)(0(00))  0o((00)(00))  0(0(0(00)))
Figure 21. Represemations of w, and wsg
Remark. The coe cien ts of the generating function of Equation 3.1 generalizethe

Wedderburn-Etherington numbers: The possible ways of using k brackets on n
commutativ e variablesis ax+1 :n .
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6.2. We mention two occurrencesoutside mathematics that encale information

using labeled trees. The rst is in biology; in particular, the areasof geneticsand

ewolution [20]. The theory of ewolution conjecturesthat there exist links between
certain speciesto common ancestorsusing the evidencefrom protein sequences.
An ewlutionary tree, or phylogeny, is a meansof organizing this data: The ex-

ternal (labeled) vertices represen speciesfor which data is available whereasthe

internal (unlabeled) vertices are the hypothetical ancestorsfor which no direct ev-

idenceis known. Phylogeniesusually have no vertices of degreetwo. The following

emumeratesthe number of phylogenieshaving a xed set of leaves.

Prop osition 6.2.1. [10, x2] For n external vertices, the number T,, of labeled trees
is given by the following recurrence relation, where T, = T, = 1
X n 1
Th=02 n)Th 1+ Tiva Tn . :
1in 2
Remark. A few obsenations follow:

1. Just asthe generalizedbracketing problem of Schreder sums over all cells of
Kn, the proposition above sumsover all the cells of M §(C).

2. A rooted phylogery is a rooted labeled tree where the root does not receive
a label. The root of a phylogery represerts the ancestor of all organismsof the
tree. For n labeled external vertices, the number P, of distinct rooted phylogenies
is P, = Ths1 [10, X2].

3. There exist many possiblemetrics on phylogenetictrees[9]. It wasalsonoted
in [20] that onecangive lengthsto the edgesof labeledtrees, making them weighte,
which hold data on the time estimate of evolution taking place betweentwo species
of the tree. Recertly, a spaceof phylogenetic trees was constructed, closelyrelated
to the “dual' of M J(R) [3]; the metric on this tree spaceinherits some properties
from the natural metric on M §(R) [8, x2.2].

4. The idea of phylogery even extendsto literature, in understanding the au-

thenticity of the manuscripts of The Canterbury Tales[1].

6.3. Another appearanceof labeledtreesis in physics;in particular, the quantum
theory of angular momertum. Givena systemof n independert parts, ead with its
own angular momertum, the theory dealswith constructing the total angular mo-
mentum by coupling the givenn momerta sequetially in pairs using SU(2) Wigner
coe cien ts. Biedenharnand Louck further relate this to the Racah-Wigner algebra
and the 64 symbols[2, x5]. Enumerating the various binary coupling schemegyives
atotal of ¢, possibilities, thought of ascounting maximal bracketings on n variables
(zerodim cellsof K ). Permuting two angular momerta implies a phasechangein
their state vectors. Consideringbinary coupling schemesover all such permutations
yield n! ¢, possibilites (zero dim cellsin n! copiesof K,). Howewver, in quantum
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physics it is not possibleto distinguish state vectors di ering by phase factors;
schemesare identied by commuting binary subproducts. This yields (2n  3)!!
possible coupling schemes(zero dim cellsin WS” (R)). As noted, the idea of bi-
nary coupling closely follows the gluing of assaiahedrato form the moduli space,
at leastin the zerodimensionalcase. Although combinatorially the idea of coupling
momerta can be generalizedbeyond binary pairs (by possibly counting the codim
k cells of moduli spaces),the meaning of this in the context of theoretical physics
is not yet well understood.

Acknowledgments. The authors would like to acknowledge their indebtednessto, and ad-
miration for, the work of Professor Arth ur Cayley, who not only addresseda dissection
problem similar to the onein this paper, but also laid the foundations for the enumerative
study of tree-like structures in general. This pioneering work is all the more remarkable
in that it wasonly a small part of the mathematical output of this eminent Victorian.
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1 2 3 4 5 6 7 8 9 10 11 12
2|1
3|1 1
4 |1 3 2
51 5 8 3
6|1 8 22 20 6
711 11 46 73 49 11
81 15 87 206 233 119 23
9(1 19 147 485 807 689 288 46
10 |1 24 236 1021 2320 2891 1988 696 98
11 |1 29 356 1960 5795 9800 9737 5561 1681 207
12 |1 35 520 3525 13088 28586 38216 31350 15322 4062 451
13 |1 41 730 5989 27224 74280 127465 139901 97552 41558 9821 983
Table 2. amn
1 2 3 4 5 6 7 8 9 10 11
2|1
3|1 2
4 11 5 5
51 9 21 14
6|1 14 56 84 42
711 20 120 300 330 132
81 27 225 825 1485 1287 429
9|11 35 385 1925 5005 7007 5005 1430
10 | 1 44 616 4004 14014 28028 32032 19448 4862
11 |1 54 936 7644 34398 91728 148512 143208 75582 16796
12 | 1 65 1365 13650 76440 259896 556920 755820 629850 293930 58786
Table 3. vmn
1 2 3 4 5 6 7 8 9 10 11 12
3|1
4 |1 1
51 2 2
6|1 3 7 4
711 4 15 18 7
8|1 5 28 57 49 14
91 6 45 138 196 123 29
10 | 1 7 69 288 601 626 313 60
11 | 1 8 98 540 1533 2322 1899 778 127
12 | 1 9 136 943 3468 7095 8362 5565 1936 275
13 |1 10 180 1544 7124 18813 29741 28350 15880 4776 598
14 |1 11 235 2419 13635 44868 90869 115642 92210 44433 11777 1320
Table 4. by
1 2 3 4 5 6 7 8 9 10 11 12 13
3|11
411 1
511 1 1
61 2 3 2
711 2 6 5 2
8|1 3 11 17 12 4
9|1 3 17 37 44 23 6
10|11 4 26 78 131 118 52 11
1|11 4 36 140 325 410 298 109 18
1211 5 50 248 728 1249 1279 766 244 37
1311 5 65 396 1476 3246 4462 3763 1921 532 66
14 |1 6 85 624 2811 7717 13497 15198 10920 4843 1196 135
1511 6 106 929 5032 16773 36384 52041 49577 30848 12068 2671 265

23

Table 5. fmn
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Figure 22. Dissected3-gonsthrough 7-gons
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Figure 23. Dissected8-gons
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Figure 24. Dissected9-gons,part |
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Figure 25. Dissected9-gons,part Il
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Figure 26. Dissected9-gons,part 11
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