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D: Critical strip, meas{A}: Lebesgue measure of A,
vr{...} := T 'meas{rT € [0,T] : ...}.

K: compact subsets of D with connected complement.

Thm. For almost all 6 € R, for any compact subset K

and for any € > 0, we have

liTm inf VT{sup‘L(s + 7, x) — L(s 4+ idT, X)} < 8} > 0.
X seK

When 0 = #£1 or o is algebraic irrational, the above
statement Is true.
We hope that the above statement is true for all 9 € R.



D: Critical strip, meas{A}: Lebesgue measure of A,
vr{...} := T 'meas{rT € [0,T] : ...}.

K: compact subsets of D with connected complement.

Thm. For almost all 6 € R, for any compact subset K

and for any € > 0, we have

liTm inf VT{sup‘L(s + 7, x) — L(s 4+ idT, X)} < 8} > 0.
X seK

Prop. [Bagchi]. The G. R. H. is true <

for any compact subset K and for any € > 0, we have

lim inf VT{Sup|L(S + 17, x) — L(S,X)‘ < 8} > 0.

T'— o0 SEK



1 Value-distribution of [-functions.

In the half-plane of absolute convergence o > 1,
0 <|C(s)] <o), s=o+it.

The study of the distribution of the values of the
Riemann zeta function ((o + t) for fixed o and variable
t > 0 was Investigated by H. Bohr.

Thm. A [Bohr and Courant]. Let oo be a fixed number
in the range 1/2 < o < 1.
Then the values which ((s) takes on 0 = 0¢, t > 0, are

everywhere dense in the whole plane.



Thm. A was generelized by S. M. Voronin in 1972.

Thm. B [Voronin]. If s1,s2,...,sn are distinct points
lying in the strip 1/2 < o < 1, and h > 0 is an arbitrary
fixed number then the sequence

(¢(s1 4+ inh),{(s2 +inh),...,{(sm +inh)), n €N
Is dense in C™. Moreover, the sequence
(¢(so + inh), (' (so + inh),. .., ¢ (g0 + inh)),

n € N is dense in C™ for any fixed sg such that
1/2 < R(so) < 1.




2 Universality
Recall ((s) and L(s, x) defined by

((s) = 1;[(1 _ %)1, L(s.y) := 1;[(1 x;f))l.

meas{A}: Lebesgue measure of the set A,
vr{...} := T 'meas{r € [0,T] : ...} where in place of
dots some condition satisfied by 7 is to be written.

D:={seC:1/2<R(s) < 1},
K and K1,..., K, (m > 2): compact subsets of the
critical strip D with connected complements.



Thm. C [Voronin]. Let f(s) be a non-vanishing
continuous function on K and analytic in the interior.

Then for every € > 0, we have

liminfuT{supK(s—l—iT) — f(s)] < 8} > 0,

T—>OO SEK

vr{...} ;=T 'meas{r € [0,T]: ...}.

This theorem means that any non-vanishing analytic

function can be uniformly approximated by ((s).

Moreover the set of approximating shifts has positive

lower density. This property is called the universality.




Thm. D [Voronin, Gonek, Bagchi]. For 1 <[ < m, let
x1 mod qi,..., Xm mod g, be pairwise non-equivalent
Dirichlet characters, and f;(s) be a non-vanishing
continuous on K; and analytic in the interior of Kj.

Then for every € > 0, we have

lim inf VT{ sup sup ‘L(s + 97, X1) — fl(8)| < 8} > 0.
T'—o0 1<I<m s€e Kj

This property iIs called the joint universality.

The joint universality means a collection of L(s,x;) of
non-equivalent characters uniformly approximate

simultaneously non-vanishing analytic functions.



3 Strong-recurrence and R. H.

Riemann hypothesis
C(s) #0 for R(s) > 1/2.
Generalized Riemann hypothesis
L(s,x) #0 for R(s) > 1/2.

Denote by N(o,T') the number of the zeros of ((s) for
which R(s) > o and 0 < S(s) < T

Bohr and Landau (1914) proved the next zero density
theorem. For any fixed o with 1/2 < o < 1, we have

N(o,T) < cT*=2)*t 30 >0



Thm. C™. Let f(s) be a non-vanishing continuous
function on K and analytic in the interior of K.
Then for every € > 0, we have

limianT{sup‘C(s—l—iT) — f(s)] < 8} > 0,

T—>OO SGK

vr{...} =T "meas{r €[0,T]: ...}.

Remark. It is impossible to approximate uniformly

functions having zeros by a Dirichlet L-function.

What happens when f(s) is replaced by L(s, x).




Thm. E [Bagchi]. The G. R. H. is true <=
for any compact subset K and for any € > 0,

lim inf VT{Sup|L(S + 17, X) — L(S,X)‘ < 6} > 0.

T'— o0 SEK

his property is called strong-recurrence (self-similarity).

Sketch of the proof of Thm. E.
R. H. is true = use Thm. C =—= L. H. S. > 0.

R. H. i1s not true = use the zero density theorem
— L. H.S. =0.

N(o,T)=0(T*"~7), 1/2<0o<1.



4 Main theorems
Thm. ER®. The G. R. H. is true +——

for any compact subset K and for any € > 0,

lim inf VT{Sup}L(S + o7, X) — L(s,x)‘ < 8} > 0.

T'— o0 SEK

Thm. 1. For almost all 0 € R, for any compact subset
K and for any € > 0, we have

liTm inf VT{SU.p‘L(S +o7,%x) — L(s + 20T, X)} < 8} > 0.
o seK

If we could take 0 = 0, we could obtain strong-recurrence.



Thm. 2. Let 61 = 1, fi(s) be a non-vanishing
continuous function on K; and analytic in the interior.

Then for almost all 92 € R and every € > 0, we have

lim inf I/T{ sup sup ‘L(s + 20,7, X) — fl(s)| < 8} > 0.

T'—o0 1<1<2 seK;

vr{...} ;=T 'meas{r € [0,T]: ...}.

Proof of Theorem 1. By Theorem 2 and
L(s+i7,x) — L(s + id7, x)| <
L(s+ir,x) — 1| + |L(s +4d7,x) — 1] < 2e,

we obtain Theorem 1.



Thm. 3. Let 1 =d1,d2,...,d, be algebraic real
numbers and linearly independent over Q, d € R\ {0},
and f;(s) be a non-vanishing continuous function on K;

and analytic in the interior of K;. Then for every € > 0,

lim inf VT{ sup sup |L(S—|—iddl7', X) — fl(s)‘ < 5} > 0,

T'—oo 1<lI<m se K

vr{...} ;=T 'meas{r € [0,T]: ...}.

Remark. 1,dd:, dds are not always linearly independent

over Q when 1,d;1,d2 are linearly dependent over Q.
For instance, consider the case d™ 1 = (\/5 + \/§)



5  Proof of Voronin's theorem

Thm. A®. Let f(s) be a non-vanishing continuous

function on K and analytic in the interior. Then Ve > 0,

limianT{sup‘C(s—l—z’T) — f(s)] < =L >0

T — o0 SEK

H(D): the space of analytic on D functions equipped
with the topology of uniform convergence on compacta.
Define on (H(D),B(H(D))) the probability measures

PY(A) == vr{L(s +ir,x) € A}, A € B(H(D)),

7v: unit circle on C, Q := [ ~(p), where y(p) =~ for p.
() is a compact topological Abelian groups.



myr . the probability Haar measure on (€2, B(£2))

We obtain the probability spaces (€2, B(2), mm).

We define the H(D)-valued random element

L(s,x|w) := H(l X(p);u(p))—1’ seD, weNq.
. p

Let P stand for the distribution of L(s, x|w), i.e.

P(A) :=mpg(weQ: Lis,x|w) € A), AeB(H(D)).

Prop. A [Bagchi]. The probability measure P*
converges weakly to P as 1" — o0.

Proof. {log pn }nen is linearly independent over Q.

Key. The unique factorization of prime numbers.



6  Proof of main theorems

Thm. 3®. Let 1 =di.,do,...,dm € RNQ and lin. ind.
over QQ, d € R\ {0}, and fi(s) be a non-vani. conti. func.
on K; and analytic in the interior. Then for Ve > 0,

lim inf VT{ sup sup {L(S idd; T, x) — fl(5)| < 8} > 0.

T'—o0 1<I<m s€ K]

H™(D):=H(D)x---x H(D), Q™ :=Q x--- x .
Define on (H™ (D), B(H™(D))) the probability measure
Pr(A) :==vr{(L(s+idi7,X), ..., L(s +idmT,x))E A}.

m; : the probability Haar measure on (QQ™ B(Q2™)).
wi(p) : the projection of w; € 2 to v(p).



Define on the probability space (2™, B(2"™), m ;) the

random element (L(s, X,w1), ..., L(s, X,wm)), where
1
L(s,x,w;) := H (1 X(p)iz(p)) , s€D.
. p

Let P, stand for the distribution of the random element

L(s,x,w) := (L(s,x,wl), . ,L(s,x,wm)), .e.
P, (A):=my(weQ™: L(s,x,w) € A).

Prop. 1. P, converges weakly to P; as I’ — oo.

Proof. {logpfil}ibggm is linearly independent over Q).

Key. Baker's theorem.

afl ---ag” g@fgr any aq,...,a, € Q, other than 0 or 1, and
any 81,...,08, € Qwith 1,31, ..., 3, linearly independent Q.



Thm. 2% Let §; = 1, fi(s) be a non-vanishing
continuous function on K; and analytic in the interior.

Then for almost all o € R and every € > 0, we have

lim inf VT{ sup sup }L(S + 107, X) — fl(s)‘ < E} > 0,
T'—o0 1<1<2 se K]

vr{...}:=T 'meas{r € [0,7]: ...}.

Proof. For almost all 62 € R, {logp,} U {log p32}
s linearly independent over Q).

Key. Almost all numbers are transcendental numbers.

The countable sum of null sets is also a null set.



7/ Generalization
Def. A. S class, £(s) := >.°° . a(n)n"*.

(i) Ramanujan hypothesis. a(n) = O(n®), Ve > 0.
(ii) Analytic continuation. £(s) has an analytic conti. to

o > o, with o2 < 1 except for a pole at s = 1.

(iii) Finite order. For any fixed 0 > o, and any € > 0,
L(s+it) = O(|t|*£7°), t — 0.

(iv) Polynomial Euler product. m, k € N and for p, a;(p),
1<j<k st L(s) =], [[/-,(01—ar(pp™) "
(v) Prime mean-square. 7w(x) : # primes satisfying p < x.

limg oo m(x) " D <z la(p)|® = k.



Def. B. S class, £(s) := )", a(n)n"°.

(1) Ramanujan hypothesis. a(n) = O(n®), Ve > 0.

(2) Analytic continuation. There exists a k € NU {0}
such that (s — 1)"£L(s) is an entire function of finite order.

(3) Functional equation. L(s) satisfies Az (s) =
wAr(1—3), Az(s) = L(s)Q° [T!_, T(\js + ;) with
positive real numbers (), A\; and complex numbers p;, w
with R(p;) > 0 and |w| = 1.

(4) Euler product. L(s) satisfies L(s) = ][ Lp(s),
L,(s) = exp(Zj’;l b(p’ )p~7°) with suitable coefficients
b(p’) satisfying b(p’) = O(p’?) for some 6 < 1/2.




]
1
dr := 2 A\ « =1 :

Prop. B [Kaczorowski and Perelli]. For every L € S,

Ng(o,T) = O(T*det3)=a)rey /9 < 5 < 1.

Thm. D [Steuding]. Let £ € SNS. Then £L(s) is
non-vanishing in 0. < R(s) <1 <= for Ve > 0,
g < R(Vz) <1and 0 < Vr < min{R(z)—o0o., 1-R(2)},

lim inf VT{ sup |L(s+im) — L(s)| < 8} > 0.

T'—oo |s—z|<r



Prop. 2. Let £L € SNS and a, := (1 + 0,)/2. Then
L(s) is non-vanishing in the half-plane 0. < R(s) < 1
< foranye >0and any 0 < r. < (1 —04)/2,

liminf o4 {liminf vz {---} > 0} =1,

U — oo T'— o0

1= SUP (g, <r, [L(8+1T) — L(s +ip)| <e.



Prop. 2. Let £L € SNS and a, := (1 + 0,)/2. Then
L(s) is non-vanishing in the half-plane 0. < R(s) < 1
< foranye >0and any 0 < r. < (1 —04)/2,

liminf o4 {liminf vz {---} > 0} =1,

U — oo T'— o0

1= SUP (g, <r, [L(8+1T) — L(s +ip)| <e.

Thm. 4. Let L€ SN S and ax := (1 + 0.)/2. Then for
any € >0 and any 0 < 1« < (1 — 04)/2, it holds that

liminf v} {iminf vz {---} > 0} =1,

U — oo T'— o0

1= SUD|s_q, (<r, [L(SH1T) — L(s +iuT)| <€,



