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Abstract

Neural networks can be viewed as nonlinear models,
where the weights are parameters to be estimated. In
general two parameter estimation methods are used:
nonlinear regression, corresponding to the standard
backpropagation algorithm, and Bayesian estimation,
in which the model parameters are considered as be-
ing random variables drawn from a prior distribution,
which is updated based on the observed data. These
two estimation methods suggest different methods of
calculating prediction intervals for neural networks.
We present some preliminary observations compar-
ing the ability of the two methods to provide accurate
prediction intervals.

1 Introduction

Artificial neural networks (ANN) are being used with
increasing frequency as an alternative to traditional
models for a range of applications including model-
based control. Unfortunately, ANN models rarely
provide any indication of the accuracy or reliability
of their predictions. (One exception is for radial basis
functions; See Leonard et al., 1992.) In this paper, we
compare two approaches to obtaining prediction lim-
its for ANN’s: a frequentist approach, based on stan-
dard non-linear regression theory, and a Bayesian ap-
proach, following recent work by MacKay (1992) and
Neal (1994). We present preliminary comparisons of
the methods via Monte Carlo methods. We examine
the coverage probabilities of the prediction intervals,
their computational costs and practical implementa-
tion issues of the two approaches.

Being able to estimate the uncertainty of predic-
tions is important for many reasons. In process con-
trol, for example, when designing controllers and ver-
ifying their performance, it is useful to know the ac-
curacy of model used by the controller. A particu-
larly interesting application of this occurs in model
switching, where the controller chooses among multi-
ple models at each discrete control step. Model accu-
racy, along with model complexity, serves as a crite-
rion for model selection.

We concentrate on the most widely used neural net-
works: feedforward neural networks with sigmoidal
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activation functions (“backpropagation networks”).
These neural nets can be viewed as nonlinear models.
The parameters (network weights), are typically esti-
mated by minimizing a residual sum of squares pre-
diction error, using gradient descent or conjugate gra-
dient methods. Thus, the networks can be thought of
as doing nonlinear regression. Standard methods ex-
ist for estimating the prediction uncertainties of non-
linear regression (see e.g Seber and Wild, 1989), based
on local linearizations of the model. These methods
have been applied to neural nets (see e.g Ding and

wang, 199 ), but although they work well on small
problems, they are often less reliable on the larger
problems typically addressed using neural networks.

ecently (MacKay 1992, Neal 1994), a Bayesian
approach has been proposed for estimating the pa-
rameters in neural nets. The parametersin the neural
network are considered as being drawn from a distri-
bution (e.g. aussian) which is characterized by a set
of hyperparameters (e.g. the mean and variance of
the aussian). The parameters in the Bayesian neu-
ral network are estimated using Monte Carlo meth-
ods. The network predictions are then simply a sum-
mary (typcially the mean or mode) of the posterior
distribution of the parameters. The Bayesian ap-
proach provides a natural framework for estimating
prediction intervals, as will be described below.

‘We present some preliminary observations compar-
ing the conventional frequentist and Bayesian ap-
proaches to estimating the uncertainty of neural net-
works described above. The methods differ by or-
ders of magnitude in speed, with the backpropagation
method, although not fast in absolute terms, being
much faster than the Bayesian approach. stimating
the parameters in the Bayesian neural network is also
substantially more complex than for backpropagation
networks. While it is clear from this preliminary in-
vestigation that the Bayesian methods require much
more computation time and effort, it is less clear that
the accuracy of the prediction intervals is improved.
Clearly, much more work needs to be done on this
problem.



ura tsas onin ar
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Neural networks are simply nonlinear equations con-
taining (many) parameters to be estimated. or ex-
ample, a “backpropagation” network is of the form:

where, typically,
() ——

and often () .

The standard way of estimating these parameters
is to select them to minimize the prediction error on
a training data set. This is, in effect, nonlinear re-
gression, and can be done using a variety of methods
including gradient descent methods such as backprop-
agation. iewing neural networks as nonlinear re-
gression suggests calculating prediction intervals us-
ing the standard method for nonlinear regression.

Let

(5) (1 )

represent the network in equation 1, where the are
( ). If one linearizes the neural network

around , and is large enough so that ,
we have the Taylor expansion:

(5 Cs3) )

where:

A prediction interval for  can then (see e.g. Seber

and Wild, 1989) be given by:

where

, is the estimate of the standard deviation, and
is the t statistic for data points and de-
grees of freedom in the model. Typically,

( )

where, , the number of degrees of freedom is prob-
lematic, since neural networks are often used with
more parameters than needed, but regularized toward

by using only partial convergence during the train-
ing.

A number of variants of the equation have been
proposed, using different estimates of the covariance
of the model parameters, but all give similar results
(see e.g. Donaldson and Schnabel, 198 ).

ura tsas a silan s
ti ators

Bayesians take a different view of the modeling and
estimation problem: the parameters are drawn from
a distribution. During the estimation phase, one uses
observations to update the (prior) distri-
bution of . Then, given a distribution of , new ’s
can be estimated by taking the appropriate expecta-
tion: the weighted average over the different values
of

More precisely, Bayesians attempt to compute the
posterior density of given the data

C )Q)

() :

( )C)
where, following MacKay (1992), ( ) is the pos-
terior, ( ) is the likelihood, ( ) is the prior, and

() () () is the evidence.
Actually, must be defined in the context of a
model, . So, more precisely,

We can look at the posterior density of the model
after viewing the data:

C ) C J)C)

Assuming the prior () is uniform, we can rank
the likelihood of the different models as indicated by
the evidence. In practice, one does not need to select
a particular model, since predictions are made using
a weighted average over the different models (e.g. dif-
ferent numbers of hidden nodes).

One can then form a Bayesian model of a neural
net:

2
and :
(o =)
2
Where is the objective function being mini-
mized:

() 12 ( )



and 12 is a regularization penalty,
which encourages small weights and hence models
with smooth predictions. The amount of regulariza-
tion is controlled by , which is estimated as part of
the procedure.

We then minimize:

()
So,

exp( ()

One then needs to estimate the parameters in the
model. One can do this in three ways:

Analytical, involving closed form expressions for
the posterior, typically using conjugate families
of densities

Monte Carlo methods ibbs sampling
aussian approximation

The first implementations of Bayesian learning
(MacKay, 1992) used a aussian approximation for
the posterior distribution of the network parameters
(weights) and single-valued estimates for the hyper-
parameters (mean and variances). owever, recently,
a different approach to estimating the parameters
in neural nets has been implemented (Neal, 1994).
Neal’s method is complex and computationally de-
manding method, but seems to get excellent results.
The key to his method lies in sampling from and av-
eraging over a posterior distribution of models. This
approach uses the hybrid Monte Carlo algorithm for
updating the network parameters; the hyperparame-
ters are updated separately using ibbs sampling.

The hybrid Monte Carlo algorithm combines the
Metropolis algorithm with sampling based on dynam-
ical simulation. This method is applied by first for-
mulating the desired distribution in terms of a po-
tential energy function. Candidate states are then
found using a leapfrog method of amiltonian dy-
namics. A complex heuristic approach, based on the
values of the hyperparameters, is used to select the
step sizes for the leapfrog method. The main ben-
efit of the hybrid Monte Carlo approach over other
Markov chain Monte Carlo methods is that it avoids
random walk behavior. In comparison to the previous

aussian implementations of Bayesian learning, the
hybrid Monte Carlo approach had significantly better
results for large problems.

Once one has estimated the distributions of the pa-
rameters, predictions and prediction intervals can be

estimated by integrating over (marginalizing) over the
parameters, the models , and the amount of reg-
ularization

Note that the integrand is simply the product of the
probability of given the model and the parameters
times the probability of the parameters.

In practice, the Monte Carlo method provides a
set of estimates of the distributed according to the
posterior distributions of the parameters and models.
The prediction, can be estimated by the median,
mode or expected value.

rediction intervals are trivially calculated by find-
ing the (e.g.,) 2. th and 9 . th percentiles of the pre-
dictors.

1 u ation su ts

ow well do the Bayesian and nonlinear regression

methods work

igures 1 and 2 show a portion of a sine wave,
trained on  datapoints, andthe9  prediction lim-
its, calculated using nonlinear regression described in
Section 2 and the Bayesian method described in Sec-
tion , respectively. All calculations are done using a
single hidden layer of eight nodes, sigmoidal transfer
functions for the hidden layer, and linear functions
for the output layers.

Tables 1 and 2, respectively, give the prediction
error and the coverage probabilities for nominal 9
prediction intervals based on a test sample of 1
points using the nonlinear regression method and the
Bayesian prediction intervals.

esults are presented for two data sets: a sine wave
2 ) with being aussian noise with
standard deviation of one, and a function that ried-
man (1991) used to present his MA S algorithm,
which has ten predictors (inputs), of which five (
to ) do not effect the response (output):

@ )2 ) 1 ) 2

regression Bayesian
sine 12 11
Mars .1 .29









tional power are available. This is not a trivial state-
ment; some bootstrapping calculations have been run
for six months (White, 199 ) The methods that we
have presented in this paper offer the advantage that
no resampling is required, so all points can be used
in model estimation, and since multiple models are
not required, computation is reduced. Bootstrapping
is also model-free, which can be an advantage (e.g.,
in capturing variable noise) or a disadvantage (e.g.,
explicit noise models reduce the amount of data re-
quired).

Clearly, this research is only preliminary. We are
testing these methods on other data sets, examining
ways to estimate the effective number of model pa-
rameters, and exploring more complex Bayesian mod-
els which include heteroscedasticity.  urthermore,
the methods described above do not address extrap-
olation error - the prediction intervals are only mean-
ingful where data was present to build the model.
Separate methods are required for estimating the like-
lihood that new points are outside the region of va-
lidity of the model
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