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Stochastic Calculus and the Nobel Prize Winning
Black-Scholes Equation

Frank Morgan

The1997Nobd Prize in Economics went to Robeat Merton and Myron Scholes
for their revolutionay Black-Scholes differential equaion for thevaueof financia
ingrumentsN termed a stochadic differential equéaion because it indudes arandom
element.

To get started, let@ toss afair coin ntimes and let X; = +1 if thei" tossis headsor
I 1if thei™ tossis tails, each with probability 1/2. Each X; is called arandomvariable
because it takes on certain values with certain probabilities. It has mean 0, which is
computed by taking each value multiplied by its probability and adding them up:

(1/2)(! 1) + (1/2)(1) = 0.

It has variance 1, which is computed as the mean of the squae of thedifference fromthe
mean, which in this caseis dways 1. The standad deviation, the squae root of the
variance, isalso 1, and gives an estimate of how far X; will deviate fromits mean on
average TheX; are caled indgpendent because notossis affected by another. In
paticular, themean of X;X; is0; if X; ispostive, X; isequdly likely to be postive or
negative. Thesum

f(n)= X + ... + X

has mean 0O, variance n, and standad deviation” =!n. To compute thevariance, jug note
tha thesquae

(Xp+ oo+ Xo)2 = X2+ .+ X2 + crossterms

has mean n because each X;? has mean 1 and the cross terms have mean 0. Thefact tha
themean of f(n) isO impliesthat if you toss a coin n times, the average number of heads
isn/2. Thefact tha thestandad deviationis! n meanstha in practice thedeviation from
n/2 should beontheorde of ! n.

Y ou could take arandomwalk ontheline by tossing a coin every secondand
taking a unit step forward or backward according to whether the coin came up headsor
tails. Therandomfundion f(n) would give your position after n seconds

To ge acontinuouslimitfor 0" t" 1 of randomwalks with rapid small steps
you could try consdering



Xilt+ .+ X/t
with #t = 1/n and mean O, butthis has standad deviation! n/n = 1/' n, which goesto Oin
thelimit, and youend up jug standing at the origin. Thereasonis tha indgpendent
identical randomvariables with mean O tend to cancel when you add them up. In the
stochastic calculus this can be summarized by saying tha
1) X; dt= 0

because you aways get 0 when you integrate or take limits of sums. If you replace #t by
some fundion a of #t and consder

Xia+ ...+ X a,
then thestandad deviationisa n, whichis1if a= 1/ n=!#t. Theefore
Xohit+ o+ X1/t
does have anon-zero limit, with mean 0 and standad deviation 1 at timet = 1, called the
Wiener process or Brownian motion z. This processis asolution to the stochastic
differential equation

dz= X !dt.

At timet, z(t) has mean 0 and standard deviation! t. More generally you can consder a
generalized Wiener process x satisfying thedifferentid equation

dx=adt+ bdz,
with solutionx = at + bz Themean, due to the deterministic component at, is at, while

the standard deviation, due to the stochastic term bz, isb! t. Still more generdly you can
congder an Ito process

(2) dx= a(xt) dt + b(xt) dz,
which can be hard to solve explicitly.

Stochastic caculus appears much trickier than ordinary caculusbecause dZ ison
the order of dt and henceit is not negligible theway that dt? is. What makesit all

managesbleis [to@ Lemma, which in abbreviated form just says that

(3) dZ = dt .



Theessence of the proof is that
dZ = X2dt= 1dt+ (X2"1) dt = dt.

Thefirst equdity isd€inition, the secondis trivid. To undestand the third, note that
X 1israndam variable with mean 0, so that (X;?! 1) dt = 0 asin (1). Hereisthe
assodated stochastic chain rule, aso caled 1to@ Lemma

Ito@Lemma. Consider an Ito process (2) andlet y = f(x) be a twice differentiable function
of x. Then

(4) dy= (fA+ f®%2) dt + f#4b dz.

To see how (4) follows from (3), start with the secondorder Taylor seriesfor y:
_ 1 2
dy= f#x) dx + Ef:ﬁ(x)dx :

Note that the dx® termis not negligible; indeed, by (2) and (3), dx? = b?dz* = bdt.
Equation (4) now follows from (2). Theinteresting feature is the appearance of the
second derivative f$because dZ = dt .

Before applying stochastic caculusto stocks, recal how money grows in the bank
at arisk-freerate r, which governstherelative growth rate of the balance B:

dB
5 — =rdt.
(%) 5

For the price S of astock, in addition to a norrandom growth rate 4, one consders a
randamn component, a multi ple of Brownian motion:

(6) — =udt+" dz.

These two codficients, the mean growth rate 1 and the so-called volatility %are
congdered the two most important characteristics of astock. In generd, higher growth
rate entails higher volatility and risk. Probably the most important prindple from
investment mathematics, caled diversification, mandaes buying many unorrelated
stocks with high p and %awith the expectation that thar randam fluctuations will tend to
cancd and thus entail much lessrisk than any of them indvidudly.



Thehard pat of investment andysis comesin treating more complicated financia
ingruments. A call istheright to buy for example 100 shares of Sears at $95khare six
months from now. The chalenge facing Black, Scholes, and Merton was to figure out
what such acal shodd be worth. Thevaue C(S;t) of such acadl variesin timeand
depends on how the price of the stock varies. Even though the current price of Searsis
$91,thecall optionis worth something, because the price may go above $95.If the price
stays at $91,thevadue of thecall will gradualy decay over the six monthsto O, but if the
pricerises, thevaue of thecal may rise. It will never fal below 0, becauseit isjus an
optionto buy, not an obligation to buy.

Thekey to evduating thecal is to note that it can beingantaneoudy replicated
by somelinear combination G = uS"vB of buying the stock and borrowing money from
thebank. Thecadl should have the same price asuS"vB. If, for example, thecadl had a
higher price, one could go into the busness of sdling cdls, buying replications and
making arisk-free profit. The opportunity for such CGirbitrageOkeeps market prices
coherent. So thedifficult problem of pricing thecall seems to bereduced to theeasier
problem of pricing stocks.

Thedifficulty isthat thecoefficients u and v vary in time, depending in pat on
the price of the stock. Such Qlynamic arbitrageOwas a revolutionary idea. It meanstha
instead of classicd probability theory, youredly need therandam or stochastic caculus
and differentiad equationswe introducd above.

To replicate thecdl, theevolving linear combination G = uS"vB mug satisfy
certain condtions First of dl, you need to borrow more money to buy more stock, i.e.,
fundsto increase u mugt come from corresponding increasesin v, so that Sdu= B dv.
Therefore,

dG=udSbvdB+SdubBdv=udSbv dB= (uuSbvrB) dt + u" Sdz
by (5) and (6). Meanwhile, by [to@ Lemma (4),

" " 2 "
dec=(-C+ Cpss1oCunagygy Cugyy,
"t "S 2 JS "S
with the extraterm #C/#t because here C(S;t) also dependsexplicitly ont. For G to
replicate C, dG mug equd dC. Equdity of the dz terms meanstha u = #C/#S.
Consquently, vB = uSBG = (#C/#S)S BC. Equdity of thedt terms meansthat

" " " n2
Cusp(-Cspor=C+ Cssl Cuzg
"S "S ot "S 2"S



Canceling the uS termsyieldsthe celebrated Black-Scholes differential equaion for the
value of thecall option:

" " "2
@) €y ChseCuzg o
"t "S 2"S

Here agan theinteresting feature is the appearance of the second derivative of C,
multiplied by thevolatility " . By great goodfortune it happens that forr and™

condant, this differentia equation has an exact, andytic solution, dthowgh theformulais
abit complicated (google (Black-SchdesOand see for yourself). It was discovered because
it isessentidly the same as the solution to the heat equationin physics. Themain
drawback is that thevolatility " ishard to estimate. For variable interest ratesr, relatively
easy to estimate by the prices of short- and long-term bonds ore can solve the
differentia equation numericaly.

Merton@® landmark paper after Black and Scholes appeared in 1973 In 1994
Merton, Schades, and others started a hedge fund Long-Term Capital Management
(LTCM), which was soonearning 40% ayear. In 1997 Merton and Schdes won the
Nobd Prize in Econamics for ther work (and Black received posthumopusrecognition).
Thevery next year theLTCM fund crashed, losng $4.6 billion. In an extraordinary move,
the Fedead Reserveintervened to rescue thefundand prevent internaiond financid
repercussions.
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Brief Descriptive Summary

The1997Nobd Prize in economics went to Robat Merton and Myron Scholes for thar
revolutionay Black-Scholes differential equaionfor thevaueof finanda ingruments.
Unlike standad, deerministic differential equaions, the Black-Scholes equaionisa
stochagic differential equdion,induding an element of randommess.
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