MEASURABLE DYNAMICS OF MAPS ON PROFINITE GROUPS
JAMES KINGSBERY, ALEX LEVIN, ANATOLY PREYGEL, AND CESAR E. SILVA

Abstract. We study the measurable dynamics of transformations on pro nite groups, in
particular of those which factor through su ciently many of the projection maps; these
maps generalize the 1-Lipschitz maps on Zp.

1. Introduction

Several authors have studied the measurable dynamics of polynomial maps that define
Haar measure-preserving transformations on balls or spheres in the (locally compact) field
of p-adic numbers, see for example [GKLO01], [CPO01], [Ana02], [BS05]. Anashin [Ana02] has
studied a class of maps on Z',j that are 1-Lipschitz and that he calls compatible Anashin
stated that if a compatible (i.e., 1-Lipschitz ) map is measure-preserving, then it is bijective,
and moreover it is an isometry of Z'g (under the p-adic metric). It is also true that if it
is bijective then it is measure-preserving, hence an isometry (see [BS05, Lemma 4.5 ]). It
was also shown in [BS05] that an isometry on a compact-open subset of Q, is never totally
ergodic, in contrast to the real case where, for example, irrational rotations on the circle
are totally ergodic. In this paper we introduce a class of maps called quotient-preserving
mapsthat generalize the asymptotically compatible (and compatible) maps of Anashin and
classify their measurable dynamics. However, rather then studying these maps on Z, we find
that their natural setting is in the context of profinite groups. We now outline the contents
of the various sections.

Section 2 reviews inverse limits and states the basic properties of profinite groups that
we will use. Section 3 is a review of applications of these notions, in particular of inverse
limits, to the context of measurable dynamics. In Section 4 we introduce the notion of
quotient-preserving maps and prove the following theorem on the dynamics of these maps.

Theorem 1.1. Let G be a second-countable pro nite grougt normalized Haar measure on
G,andT :G! G a quotient-preserving map. De ne thefinite factor set of T as

F(T)=fN Co G : T factors throughmy : G! G/Ng.

Let F F (T) be a base for the neighborhoods ®® G. For eachN 2 F (T) let Ty denote
the induced mapG/N ! G/N. Then, the following are equivalent:

() T is measure-preserving (equivalently nonsingular) with spect toy;
(i) Ty is bijective for eachN 2 F ;
(iii) T is surjective;
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(iv) There exists a translation invariant metricd inducing the topology onG suchT is
an isometry with respect tod and the subset oF consisting of sets that are balls of
some radius with respect tal is a base for the neighborhoods ef2 G.

Also, the following are equivalent:

() T is measure-preserving and ergodic with respect o
(i) Ty Is measure-preserving and ergodic with respect g,y for eaahN 2 F ;
(iii) Ty is minimal with respect topg,y for eachN 2 F .

Section 5 applies our methods to the case of continuous homomorphisms, where the ad-
ditional structure allows us to give a simpler characterization of quotient-preserving maps.
Finally, Section 6 applies our results to products of quotient-preserving maps. The prototyp-
ical examples of such products are given by products of 1-Lipschitz maps on Z,, for possibly
diLerkent primes p. The main result of Section 6 is Theorem 6.3.

1.1. Acknowledgements. This paper is based on research by the Ergodic Theory group of
the 2005 SMALL summer research project at Williams College. Support for the project was
provided by National Science Foundation REU Grant DMS - 0353634 and the Bronfman
Science Center of Williams College.

2. Inverse limits

For our purposes, we are primarily interested in inverse limits in two categories:

() The category TopGp : The objects of TopGp are topological groups, and the mor-
phisms are continuous group homomorphisms.

(i) The category MD : The objects are measurable dynamical systems, and the mor-
phisms are measure-preserving maps commuting (almost everywhere) with the ac-
tion of the dynamical systems (identifying two morphisms if they agree almost-
everywhere).

In the following, we let C be an arbitrary category; in light of the above, the reader should
feel free to replace it with either of the above.
A inverse system inC, denoted D : (I, )! Cconsists of the following data:

() A directed set (I, ) (i.e. (I, ) is a partially ordered set, such that each finite
subset has an upper bound in I);
(i) A collection fD (i) 2 Obc : i1 2 Ig of objects of C,
(iii) A collection fD (i,j) 2 Homc(D(j),D(i)) : 1 jg of morphisms such that for all
i J k21 wehaveD(i,j) D (J,k) =D(i, k) and such that D(i, i) = id; for all
i21.

A pair (L,fmg) with L 2 Obc and with fr; 2 Home(L,D(i)) : i 2 1g a collection of
morphisms such that D(i,jJ) m; =m foralli j 2 I issaid to satisfy the de ning property
of an inverse limit for the inverse system D.

An inverse limit for the inverse system D is a pair (L, f tjg) satisfying the defining property
of an inverse limit and the following universal property: For any pair (L5 fnig) satisfying

the defining property of an inverse limit there must exist a unique morphism L"! L making
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the following diagram commute foralli j 2 I:

L O
I

Hj ——a—

— H;
D(i.j)

Such an object, which is unique if it exists, is denoted by
lim D (i).

i
If Cis TopGp then each directed system in C has an inverse limit, given by the following
construction:

1
limD(i)=fx2 D) : mi(x) =D(, J)(m(x)) foralli j 2 lg,
i i
with the subspace topology from the product topology and with projection maps given by
the projection maps from the product.
We are now ready to define a pro nite group. We say that a topological group G is pro nite
if it is isomorphic, as a topological group, to an inverse limit of finite groups. That is, if

G =I1imD(i)
i1
forD: (I, )! TopGp an inverse system of nite (topological via the discrete topology)
groups.
Let us sketch and cite some standard results on profinite groups:

Proposition 2.1. Let G be a pro nite group. Then:

() G is a compact Hausdor totally-disconnected topological gup. Moreover, these
properties characterize pro nite groups.

(i) Every open subgroup) o G is also closed (this in fact holds for all topological
groups).

(iii) Every open subgroupl o G has nite index.

(iv) The normal open subgroups form a base for the neighborhodds ® G (equivalently,
their translates form a base for the topology 08).

(v) Let F be a collection of open normal subgroups & such thatF is a base for the
neighborhoods ot 2 G. Then, we may orderF by inclusion, and forN N we
have a projectionG/N"! G/N. This makes the system of quotient§/N into an
inverse system, with

G = lim G/N,
N [E]1

where the inverse limit and isomorphism arg@opGp .
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(vi) Let B be smallesto-algebra containing the compact subsets G. Then, there is a
unique measurgl on B such thatp(gS) = u(sG) = u(S)forg2 GandS 2B, pnis
regular, and u(G) = 1. We call p the (normalized) Haar measure orG.

Proof. For (i), note that the product space in the construction given above is compact
Hausdor L_1Then, G corresponds to a closed subgroup of the product, and so is also a
compact Hausdor Ctbpological group. That G is totally disconnected then follows from (ii)
and (iv). For the converse, it su [ced to show that (iv) holds for such a space and then use
the proof of (v); for this see the reference below.

Distinct cosets of U are disjoint; so the union of the cosets di [lerknt from U is just GnU,
and this set must be open. This proves claim (ii). Claim (iii) follows by compactness.

Say G = limD(i), D(i) finite groups with the discrete topology, and let i; : G ! D (i) be

i1

the projection map. Then, ker m; is a normal open subgroup of G for each i 2 1. We readily
check that these form a base for the neighborhoods of e 2 G (indeed, their cosets are just the
restriction of the standard base for the product topology on the inverse limit). This proves
(iv).

Now, say F forms a base for the neighborhoods of e 2 G. Let iy : G! G/N be the
quotient maps. Then, (G, f my Q) satisfies the defining property of the inverse limit, so by the
universal property of the inverse limit we have a canonical map

¢:G! limG/N
N [E]1
such that the appropriate diagram must commute. Note that this map must be an injection,
for — —
kery = N =flg.
N [E]1 N [E]

Furthermore, the image of ¢ must be dense, and must be compact as G is compact, ¢
continuous, and the inverse limit Hausdor CL1So, ¢ is surjective. So, ¢ is a continuous
bijection. But, ¢ must take closed, hence compact, sets to compact, hence closed, sets; so
@1 is continuous. So, @ is an isomorphism of topological groups. This proves (v). For more
on the general theory of topological groups see for instance [Pon66]. For complete proofs of
the above claims, see for instance [Wil98, p. 17-20].

Finally, G is a compact topological group, so it is unimodular and has a unique (left and
right) Haar measure. This proves (vi). For more details on Haar measure on locally compact
groups and the unimodularity of compact groups see for instance [Fol95, p. 36-47].

Example 2.2. Let | = N, and for k 2 I let D(i) = Z/p'Z. Fori j 21 let D(,j) :
Z/pPZ! Z/p'Z be the reduction modp' map. Then, we have

Z, = limD(i) = limz/p*Z,
i k=1
where Z, refers to the additive group of the ring of p-adic integers.

3. Measurable dynamical structure

By a measurable dynamical systemwe mean a 4-tuple (X, 4, B, T) where X is a set, B is a
o-algebra of subsets of X, [ is a probability measure on B, and T is a B-measurable function.

We define a morphism of measurable dynamical systenfX,,B,T)! (XSuiBYTH to be
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an equivalence class of maps @ : X !  X5such that ¢ is measurable and measure-preserving,
and ¢ T(X) =TY @(x) holds outside a set of p-measure 0; our equivalence relation is to
identity @ : X ! XMand ¢": X I X"when ¢(x) = ¢{x) holds outside a set of p-measure
0. These definitions define a category, which we shall denote MD .

Inverse limits need not always exist in MD ; indeed even when the inverse system consists
just of finite direct products, there need not be a measure on the topological inverse limit
[Hal50, p. 214]. There are significant existence results, such as in the case of standard
spaces [Par67] or of topological measures on compact spaces [Cho58]. Even without these
topological restrictions, we may sometimes be guaranteed that an inverse system has an
inverse limit; furthermore when an inverse limit exists its dynamics are closely related to the
dynamics of the systems in the inverse system:

Proposition 3.1. Let (I, ) be an directed set,and : 1! MD an inverse system irMD .
Moreover, assume there is an objedd = (X, , B, T) and morphismsfm; 2 Hompp(U !
D(i)) : i1 2 Ig such that the following diagram commutes for eagh j 2 1

/\

oan P

For eachi 2 1, let B; denote theo-algebra of measurable sets d@i(i), and let BHe the
smallesto-algebra containing —
i (Bi).
i1
Then, (X, 1, B-R) is an inverse limit for D.
Moreover, if L is an inverse limit for D then L is measure-preserving if and only iD (i)
is measure-preserving for eaclh 2 1. The previous sentence still holds when one adds to
\measure-preserving" any of the following additional contions: ergodic, weakly mixing,
mixing.

Proof. See [Bro72].

Now, Proposition 2.1(vi) turns each profinite group, in a natural way, into a probability
space. Say G is a profinite group, i Haar measure on G, and B the o-algebra of B-measurable
sets. Then, for any p-measurable map T : G! G we have that the 4-tuple ~ = (G, ,B, T)
is an object of MD . The final statement of Proposition 2.1 combined with Proposition 3.1
suggests that we may be able to study the dynamics of a system on G by looking at systems
on some finite quotients of G. Unfortunately, for N Co G an open normal subgroup, T
need not induce a well-defined map G/N ! G/N. We may recover some such information
through the following construction.

For N Co G we define the following objects:

Let 1
XN = G/N,
k=0
letiy : G!  G/N be the quotient map, and let the map ®y : G Xy be given by

X 7! (M (X), T (TX), T (T2X), T(T3%),...)  thatis GAd =my TX,
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where IXy ! G/N is projection to the k" slot.

We may define a measure on Xy such that ®y is measure-preserving; specifically,
let uy = @', let By the o-algebra of py-measurable sets.

Finally, let Ty be the left-shift map on Xy. Then, we may define the following
measurable dynamical system:

>N = (XN, HUNs B, T)-

Lemma 3.2. Let ¥ = (G,,B,T) be a measurable dynamical system with a pro nite
group andp Haar measure onG. Let 2y, ®n be as above.

Sayl f N Co Gg is ordered by set-inclusion. ForN NY2 1, we have a natural
projection G/NF! G/N; this induces a morphism (ofMD ) Zyo! Zn. Now, we may
deneD:(lI, )! MD by

D(N) = =y D(N, NY = the above morphisnEyo! Iy

for all N,N2 1.
Then:

(1) D is an inverse system inMD ;
(i) (=, fdyQ) satis es the de ning property for the inverse limit ofD;
(iii) D has an inverse limit inMD ;
(iv) If G is second-countable and forms a base for the neighborhoods ef2 G, then
(Z,foNQ) is an inverse limit for D.

Proof. The commutativity of the appropriate diagrams for (i) and (ii) are routine verifica-
tions. We note that the maps my, as well as the maps D(N, N5 are surjective continuous
group homomorphisms. It is a standard result that surjective continuous group homomor-
phisms preserve Haar measure. Also, for each N 2 1, the map @y is continuous and is
measure-preserving by construction of yy. So, all relevant maps are indeed morphisms in
MD and claims (i) and (ii) are complete. Then, claim (iii) follows by Prop 3.1.

Now, by Prop 3.1, letting B-bk the smallest o-algebra containing

-1
CDN (BN)1
N [

we have that (X, p, B-F) is an inverse limit for D. Noting that the maps ®y are measurable
we have B—B .

Say G is second-countable. Each element of | is a compact-open set, and is thus a finite
union of elements of the countable base of G. As the collection of finite subsets of a countable
set is itself countable, we have that I must be at most countable. Moreover, each N | has
finitely many distinct translates. So, if I forms a base for the neighborhoods of e 2 G, then
the collection of translates of the elements of | form a countable base for the topology of G.

For N 1, the cosets of N are contained in ®'(By). So, B-ebntains all translates of I,
and hence a countable base for the open sets of G. By countable unions, B-ebntains the open
sets of G, and by taking complements it contains the closed sets of G and so the compact
sets. Recalling that B was generated by the compact sets, we have B B—With the above,
this implies that B = B-ahd proves our claim.
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Example 3.3. Let G = Z,. Note that each element of Z, has a unique expression of the
formc+pdwithc2f0,...,p 1gandd2 Z, Then, we may define T :G! G by

T(c+pd)=dforc2f0,...,p 1g,d2 Z,.

Then, T is a surjective, p-to-1, measure-preserving map. Take N = pZ,. Then, Zy is
a Bernoulli shift on p symbols. Moreover, one can show that the map ®y : G! Xy is a
measurable (and topological) isomorphism.

Example 3.4. Let G = Z,, and define the transformation f : G! G by

X :x(x 1) (x p+1)

() = i

Take N = pZ,. It is possible to check that Zy is a Bernoulli shift on p symbols, and that
Oy G Xy is a measurable (and topological) isomorphism. Details of this construction
are worked out in [KLPS].

4. Factoring through projections

Let G,H be compact topological groups. For a transformation T : G! G we say that
T factors througha surjective continuous group homomorphism ¢ : G! H if there exists a
transformation T™: H ! H such that the following diagram commutes

G—1-G
CE
O
H-—>H
Let us relate this to the situation of Lemma 3.2.

Lemma 4.1. Let G be a pro nite group, 4 normalized Haar measure o1, andT : G! Ga
transformation on G. Let N Co G be such thafl factors through the quotient mapiy : G !
G/N. Let TJ:G/N ! G/N denote the factor transformation. LetSy = (X, Un, Bn, Tn)
be as de ned in Lemma 3.2. De ne

Zn = (G/N, pomn, Bem, TY)

where Uug,n IS Haar measure on the nite groupG/N (i.e. normalized counting measure),
and Bg/n its o-algebra (i.e. the power set o6/N). Then, projection to the rst coordinate
Xn! G/N gives an isomorphism

Sn =3
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Proof. Fork 0, let G_IXy ! G/N be the projection to the k™ coordinate. Then, by the
definition of Ty and T we have the commutative diagram

G
Tk
TX T
G
o

Xa

foreachk 0, where T, T, and T,E" denote the k-fold composites of T, Ty, T\ respectively.
Note that for x 2 G/N,

1 (I 1 O 1

v ) =p Oy LX) = Mt (¥) = Hemn (X).
So, [ ik measure-preserving and = is a measurable factor of <. Moreover, note that
L= L I = ,\D,k [5; 30 each element of Xy is uniquely determined by its first entry.
It follows that [5{Bg/n) = Bn. Then,

ZE = (XN1 uNl IﬂBG/N)l TN) = (XN1 “N! BNlTN) = ZN'
For T : G! G, define the nite factor set of T as

F(T)=fN Co G : T factors through iy, : G!  G/Ng.
Note that each 1y is a continuous surjective group homomorphism, thus measure-preserving
with respect to Haar measure.
Remark 4.2. The notion of F (T) has another natural description. Denote
FXT) =fn 2 Homtopep(G, H) surjective : H is a finite group, T factors through ng/fg |,

where 11; T, if there exists an isomorphism im; = im T, conjugating the two maps.

That is, F {T) is the set of all finite group factors of T : G! G. The relationship between
F(T) and FXT) is clear: foreach N 2 F (T) we have G! G/N 2 F (T), and conversely
for each m 2 F T) we have kerm 2 F (T).

De nition 4.3.  For a profinite group G, we say that T : G! G is a quotient-preserving
map if the cosets of F (T) form a base for the topology of G.

If G is known to be second-countable, then Lemma 3.2 and Lemma 4.1 give us that

¥ G B T)= Ilim =L,

N [E(T)
where g is in the sense of Lemma 4.1, and = is in particular a measurable dynamical

system on a finite set.
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We invite the reader to prove the following alternate characterization of the quotient-
preserving maps:

Lemma 4.4. Let G be a pro nite group. Then a mapT : G! G is a quotient-preserving
map if and only if there exists a directed sdl, ) and an inverse systenD : 1 ! TopGp
of nite groups such that

G =I1limD(i)

Jum!

and T factors through the projectionG ! D (i) for eachi 2 1. The inverse system may be
assumed surjective. In addition, instead of factoring through each projection, it su ces
that for eachi 2 | there exists aj 2 1 with i  J such thatT factors through the projection
GID ;.

Example 4.5. Let G = Z,. We note that

Z, = limz/pkz.
k N1
The open normal subgroups of Z, are all of the form pZ,. Then, we see that T : Z,! Z,
is a quotient-preserving map if and only if there is an infinite subset 1 of N such that k 2 1
and jx yj, p~Kimplies that jTx Tyj, p~k. In particular, this holds for all maps
satisfying jTx Tyj, | X Yj, (i.e., the 1-Lipschitz maps). In this context, our notion
of quotient-preserving maps may be viewed as generalizing the notions of (asymptotically)
compatible maps found in [Ana02], and our Proposition 4.9 generalizes Lemma 4.5 of [BSO05].

Example 4.6. Let G=2Z, Z,. We note that

G= lim z/pz  z/p*eZ.
ki,ko [N
Let T be given by multiplication by an element of GL,(Z,). Given ki, k, 2 N it need not
be the case that T factors through the projection to Z/p*:Z  Z/p¥2Z. However, T does
factor through the projection for k; = k,. The kernels of these projections form a base for
the neighborhoods of e 2 G, so T is a quotient-preserving map.

Lemma 4.7. Let G be a pro nite group andT : G! G a quotient-preserving map. Then,
T is continuous.

Proof. Say T factors through my : G! G/N as Ty foreach N 2 F (T).
For N 2F (T) and h 2 G/N, then

—1/-—1 -1 -1 I:I—l
Ty () =g (T~ (h) = e (hY.
htery *(h)
As the sets
frgt(h): N 2F (T),h2 G/Ng
are precisely the cosets of the elements of F (T) they form a base for the topology on G. As
T takes each set in this base to an open set, continuity of T follows.

Lemma 4.8. Let G be a compact Hausdor topological groupt normalized Haar measure
onG,andT :G! G continuous. If T is nonsingular with respect tqu, then T is surjective.
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Proof. As T is continuous, T (G) is the continuous image of a compact set, thus compact and
so closed in the Hausdor [space G.
But,

L, ]
HT(GNnT(G) =pu(G) =0
and by nonsingularity
H(GNT(G)) =0.

Note that u is positive on non-empty open sets, so this implies that G n T (G) does not
contain a non-empty open set and hence that T (G) is dense in G. As T(G) is closed in G,
this implies T(G) = G. So, T is surjective.

Proposition 4.9. Let G be a second-countable pro nite grougt normalized Haar measure
onG,andT :G! G a quotient-preserving map. LeF F (T) be a base for the neighbor-
hoods ofe 2 G. For eachN 2 F (T) let Ty denote the induced majis/N ! G/N. Then,
the following are equivalent:

() T is bijective onG/N for all N 2 F ;
(i) Ty is nonsingular with respect toug,n for all N 2 F
(iii) Ty is measure-preserving with respect tpg,n for all N 2 F
(iv) T is measure-preserving with respect tp;
(v) T is nonsingular with respect tqu;
(vi) T is surjective.

Proof. We prove the following implications:
() <= (i) = (i) <= (iv) = (v) = (vi) = (i)

The implications (i), (ii), (iii) follow as G/N is finite and pUg/n IS counting measure. The
implications (iii), (iv) follow by Lemma 3.2 and Lemma 4.1. The implication (iv)) (v) is
true by definition. The implication (v)) (vi) follows by Lemma 4.8. Finally, (vi) implies
that each Ty is surjective; as a surjective map of a finite set to itself is bijective, we have

vi)) ().

Lemma 4.10. Let G be a second-countable pro nite grougl normalized Haar measure on

G,and T : G! G a transformation. Then, T is a measure-preserving quotient-preserving
map if and only if there exists a metrid : G2! R, on G such that the following conditions

hold:

() d induces the usual topology ofs;

(i) d is left translation invariant in the sense thatd(gx, gy) = d(x,y) for all x,y,g 2 G;
(iii) T is an isometry with respect tod.
(iv) The set of open-subgroups @ which are (closed) balls with respect td, i.e.

fNCoG:N=fx2 G:d(e,x) rngforsomery > 0g
is a base for the neighborhoods ef2 G.

Proof. ) :
By the proof of Lemma 3.2 we note that F (T) is countable and that the translates of the
elements of F (T) give a countable base for the topology on G. Say F (T) = fN{ N NJ ...g.

Set N; = N and for k > 1 let N 2 F (T) be such that Ny~ Nk—;\ N’ Note that Ny—;\ N
10



is open and contains e for each k > 1, so such an Ny must exist. Then, set F =Ny, N,,...q.
Note that F is countable, nested, and forms a base for the neighborhoods of e 2 G.
For NCo G, letmy : G! G/N be the quotient map. Then, we may define d : G?! Rsg
for X,y 2 G by
d(x,y) = 2~ Hwhere [F minfk : my, (X) = iy, (Y)0,
and d(x,y) = 0 if my, (X) = N, (y) forall k0.
We claim that d is a metric, and that it moreover satisfies the conditions in the lemma:

It is clear by construction that d is s%mmetric and non-negative. Note that

Ny = feg,
k=0

so d(x,y) = 0, X =y. Moreover, d(x,y) 2% and d(y,z) 27K implies
d(x,z) 27, so d satisfies the strong triangle inequality. So, we see that d is indeed
a metric.

The set of balls with respect to d is precisely F and the emptyset. So, d satisfies
condition (iv) of the Lemma, and moreover it induces the same topology as F and
so satisfies (i).

As my, is @ homomorphism for each k 0, we see immediately that 1y, (X) =
M (V) 0 T (9X) = Tin (9Y) . Tin (Xg) = Tin, (yQ) for all X,y,g 2 G. So, d is (left
and right) translation invariant, and satisfies (ii).

ForN 2F F (T)wehavethatTy :G/N ! G/N isa bijection by Proposition 4.9.
So, M, (X) = TN, (YY), TN (T(X)) = TN (T (y)) for all k0. So, we see that T is
an isometry with respect to d, hence condition (iii).

( :

Let F be the collection in (iv). For each N 2 F, let ry > 0 be as in the definition of F.
Using the fact that N = fx 2 G : d(e,x) = d(x,e) rng and the fact that d is left

translation invariant we confirm that

NG =Tn(y), X'y 2N, d(xy) =d(x'y,e) rn.
Then, the fact that T is an isometry with respect to d implies that my(X) = nin(Y)
n(T (X)) = in(T(y)). So, T induces a well-defined injective, hence bijective as G/N is
finite, map Ty : G/N ! G/N.
As this holds for arbitrary N 2 F , we have that F F (T) is a base for the neighborhoods

of e 2 G with Ty bijective on G/N for all N 2 F . This implies immediately that T is a
quotient-preserving map, and by Proposition 4.9 that T is measure-preserving.

Proposition 4.11. Let G be a second-countable pro nite grougs hormalized Haar measure
onG,andT :G! G a quotient-preserving map. LeF F (T) be a base for the neighbor-
hoods ofe 2 G. For eachN 2 F (T) let Ty denote the induced mag/N ! G/N. Then,
the following are equivalent:

() T is measure-preserving and ergodic with respect o

(i) Ty Is measure-preserving and ergodic with respect g,y for all N 2 F

(iii) Ty is minimal for all N 2 F .
By Proposition 4.9, we may replace \measure-preserving” thi \nonsingular" in one or both
of the above occurrences.
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Proof. The equivalence (i), (ii) follows by Lemma 3.2 and Lemma 4.1. The equivalence
(i), (iii) holds as each G/N is finite with pg,y the normalized counting measure.

Proposition 4.12. Let G be a compact Hausdor topological groupp normalized Haar
measure onG, and T : G! G a transformation. SayF (T) [f®Gg. Then, T is not totally
ergodic . In particular, if T is a quotient-preserving map then it is not totally ergodicriless
jGj = 1.

Proof. Let N 2 F (T)nfGg. Then, 1 <jG/Nj<1,and T :G! G factors through G/N

as
T

G G
e
G/N M. G/N

If T is ergodic then Ty is ergodic, hence minimal. In particular for h 2 G/N we have that
T h) = h if and only if jG/Njj [1Then, TI®NI factors through the projection as T/S™;
but this is just the identity map on G/N. So, T is not totally ergodic.

If T is a quotient-preserving map, then

G= lim G/N
N [E{T)

by Proposition 2.1. In particular F (T) = f Gg implies jGj = 1.
Remark 4.13. Recall also that weakly mixing implies totally ergodic. So, the above also
gives negative results for weak mixing.

Now, the results of the propositions yield the proof of Theorem 1.1.

5. Homomorphisms

We begin by recalling a result on when a continuous group endomorphism is measure-
preserving:

Lemma 5.1. Let G be a compact Hausdor topological groupt normalized Haar measure
onG,and T : G! G a homomorphism of topological groups. Then, the followingea
equivalent
() T is nonsingular with respect tou;
(i) T is surjective;
(iii) T is measure-preserving with respect tp.

Proof. The assertion (i)) (ii) follows from Proposition 4.9. The assertion (ii)) (iii) is true
as L T~ can be shown to be regular, translation invariant, and normalized. The assertion
(iii)) (i) is true by definition.

Now, in the case of continuous group endomorphisms, we may give an alternate charac-
terization of the collection F (T) in the definition of a quotient-preserving map:
Lemma 5.2. Let G be a compact Hausdor topological group andl : G! G a homomor-
phism of topological groups. Then,

F(T)=fNCoG:N T }N)g.
12



If T is surjective then in fact
F(T)=fNCoG:N =T }N)g.
Proof. Note that for N Co G, any Ty making the following diagram commute must be a

group homomorphism
.

G G
e
G/N M- G/N

Furthermore, such a T exists if and only if N = kermy  kermy T =T 1(N). If T isin
addition surjective, then by Lemma 5.1 it is measure-preserving. Then, p(N) = (T ~3(N))
and so W(T"Y(N)nN) = 0; as T"Y(N) nN is open, this implies that it is empty and so
T 3(N)=N.

So,

F(T)=fNCoG:T(N) Ng,
and if T is in addition surjective then we may replace the constraint by T(N) = N.

Remark 5.3. Note that if F(T) & fGg then T is not ergodic. This follows because the
factor transformation would be a group homomorphism on a finite group, which can not be
ergodic (for it maps e to itself).

For many profinite groups, the following criterion su [ced to show that all group endor-
morphisms are quotient-preserving maps:

Proposition 5.4. Let G be a pro nite group such thatG has nitely many open normal
subgroups of each nite index. IfT : G! G is a (Haar) nonsingular homomorphism of
topological groups (i.e. a surjective continuous group hamorphism), thenT is a quotient-
preserving map.

In particular, if G has a nitely-generated dense subgroup then the any sdcks a quotient-
preserving map.

Proof. Say N Co G. Then, T™Y(N) Co G. Taking measures and noting that T is measure-
preserving with respect to Haar measure by Lemma 5.1 we observe that
Y[G: N]=p(N) = W(T7H(N)) = I/[G : p(TH(N)).
Now, for N Co G consider the collection

fT*(N):k 0g.
Each element of the this collection must be an open normal subgroup of the same index in
G, so the collection must be finite by hypothesis. Set

1
No=  T7¢N),
k=0

where the intersection is over finitely many distinct sets; so N‘CoG. Note that N\ T~1(NY =
NYso NY T73(NYH and NY2 F (T) by Lemma 5.2. Moreover, N® N and N may be
written as a union of cosets of N As this holds for arbitrary N Co G, we see that F (T)

forms a base for the neighborhoods of e 2 G, and T is a quotient-preserving map.
13



By [Wil98, Lemma 4.1.2], if G has a finitely-generated dense subgroup then G has finitely
many open normal subgroups of a given index, and the final assertion of the proposition
follows.

We may apply the Propositon to several groups of interest:

Corollary 5.5. Let G = éi:l Z7 with the p; rational primes ande; 2 N. Then, any
continuous homomorphisnT : G! G is a quotient-preserving map and is not ergodic.

Proof. We note that G contains a dense finitely-generated subgroup
1
Z°,
i=1
Then, G has finitely many open normal subgroups of a given index, and in particular for
each open normal subgroup N Co G we have that f T ~%(N)g must be finite (for each element
of this set has index equal to the index of N). Applying Proposition 5.4 proves that T is a
quotient-preserving map, and applying Remark 5.3 yields that T is not ergodic.

Corollary 5.6. LetG = Zr'j. Then, the nonsingular continuous homomorphisms: G! G
are given by multiplication by elements dbL«(Z,). Any such homomorphism is a quotient-
preserving map and is not ergodic.

Proof. We note that Z¥ is dense in G, and so a continuous homomorphism is defined by its
values on a basis for ZX. In particular, this implies that any continuous homomorphism must
be given by multiplication by some T 2 Matk~x(Z,). By Proposition 4.9 we must have T
surjective. In particular, the image of T must contain the generators for Z'g, so there must
exist a S 2 Matyk(Zp) such that TS = idyxk 2 Matyxk(Zp). Then, T 2 GL«(Z,) (and of
course, the converse holds by reversing this logic). Now, the previous corollary gives that
this map must be a quotient-preserving map and is not ergodic.

Remark 5.7. In this context we mention that Juzvinskit [Juz65] showed that ergodic group
endomorphisms have completely positive entropy and Lind proves in [Lin77] that ergodic
automorphisms of compact metrizable groups are measurably isomorphic to Bernoulli shifts.

6. Products

Lemma 6.1. Let A be an index set. For eacla 2 A let G4 be a pro nite group and
Ta :Ga! Gq a quotient-preserving map. Then

1
G= Ga
o Al
is a pro nite group, and 1
T= Ta
a [Al

is a quotient-preserving map ore.

Proof. Note that for each a 2 A we have that F (Ty) is a base for the neighborhoods of
e 2 G4. Then, the collection
1

F=f Na : Ng 2 F (Tg), Ng = Gq for all but finitely many a 2 Ag

a Al
14



forms a base for the neighborhoods of e 2 G. Moreover, observe that each element of F is a
normal subgroup of G.

We claim that
G = lim G/N.
N [E]1
Indeed, the natural projections induce a homomorphism
0 c_ % limG/N
N =]

Observe that @ is injective as G is Hausdor L_Moreover, @ is continuous and G compact (by
Tychono [Csl Theorem), so the image of ¢ is closed; but the image of ¢ is also dense in the
codomain. So, @ is surjective. Then, ¢ is a continuous bijection with compact domain, so a
homeomorphism, and G is indeed profinite.

Now, note that for any N 2 F , T factors through the projection G! G/N as the product
of the factor transformations in each coordinate. So, T is a quotient-preserving map.

Lemma 6.2. Let Sy be a nite non-empty set andTy : Sk ! Sk a transformation for
k=1,...,n. Let
1 1
S= Sk, T = Tk.
k=1 k=1
Then, T is minimal on S if and only if eachTy is minimal on S, and the|Syj are pairwise
coprime.

Proof. Note that the general case follows from n = 2 case by induction. So, we may assume
n=2.

We have that T minimal implies Ty, T, minimal. By the minimality of Ty, each point of S
must have full orbit. So we have T(x) = x if and only if jSjj [CJLet [ZF jS41jjS2j/(Saj,Sa))
be the least common multiple of jS;j,jS,j. Then,

T'(s1,52) = (T1(51), T2(52)) = (51, S2).
So, T minimal requires (jSij,]S,j) = 1, that is that the cardinalities be coprime.
Conversely, say (jSi1j,]JS2j) = 1. In particular, given sy 2 Ty, LJI2 N for k = 1,2, the
Chinese Remainder Theorem gives us a 2 N such that [ [J(mod jSij) for k = 1,2.
Then,
T'(s1,52) = (T{(51), T2(52)) = (1, s2).

Then, Ty, T, minimal implies T minimal.
Then:

Theorem 6.3. Let A, G4, To, G, T be as in Lemma 6.1. Moreover, assume eadcb, IS
second-countable and\ is countable. Then,G is second-countable and
() T is nonsingular if and only if T, is nonsingular for eacha 2 A.
(i) Denote
Do =1 Ga/Ngj : Ng 2 F (To)g.
Then, T is ergodic if and only if T is ergodic for eacha 2 A and for all a,3 2 A
distinct and alln 2 Dy, m 2 Dg we have(n,m) = 1.
15



Proof. For each a 2 A let C4 be a countable base for G4. We may assume without loss of
generality that G, 2 Cq for each a 2 A. Then the set
—1

f Sa : Sq 2 Cq, Sa = Gq for all but finitely many a 2 Ag

a Al

is a countable base for G. So, G is second-countable.

Note that T and each T4 are quotient-preserving maps. So, by Proposition 4.9, they are
nonsingular if and only if they are surjective. Now, the product of a set of maps is surjective
if and only if each map is surjective. The first claim follows.

Applying Proposition 4.11 to each T, we see that T, is ergodic if and only if each of the
factor transformations f TN« : Ny 2 F (T4)g is minimal.

For Ny 2 F (Tg), let T)= denote the map making the following diagram commute

Gq —*— Gq
R
GG/NQHGC(/NG

We note that F (T4) is a base for the open sets containing e 2 G, and so,
L 1

f No : No 2 F (To), Ng = Gq for all but finitely many a 2 Ag

a[Al
is a base for the open sets containing e 2 G. Given
L 1
N = Ng
a[Al
in this base, we have that T factors through the projection G! G/N as
1
Tn= T
a[Al

Applying Proposition 4.11, we see that T is ergodic if and only if each of these factor

transformations is minimal on the finite quotient
1 1
G/N = Go/Ng = Go/Ng.

a Al Na&Ga

Dropping trivial factors and applying Lemma 6.2, we have that T is ergodic if and only if
each TN« is ergodic for all a 2 A and Nq 2 F (T4) and the elements of the Dy are pairwise
co-prime (for dilerkent subscripts). Applying Proposition 4.11 to the T, this yields our
desired result.

Remark 6.4. As a consequence, we get an alternate proof that no quotient-preserving maps
are weakly mixing.

Corollary 6.5. Let T, : Z, ! -Zxbe an ergedig quotient-preserving map for each rational
prime p. Then, the mapT = plponG= 7, is an ergodic quotient-preserving map.

Proof. Follows immediately by Theorem 6.3 after noting that Z, has quotients of p-power

orders.
16



Corollary 6.6. The mapsx 7! x 1 on
L 1

zdlimz/mz= z
n,| p

is ergodic.

Proof. Each maps factors through all the projections and so is a quotient-preserving map.
Note that the maps x 7! x 1 are certainly minimal on Z/nZ for each n > 0. In light of

Proposition 4.11 this gives a direct proof that the induced map on Zid ergodic. Alternatively,
we may use Proposition 4.11 to show that the induced map on Z, is ergodic for each p, and
then use the previous corollary.

Also, observe that for n > 2, the maps x 7! x 1 are not minimalon Z/nZ[1 0=1,
1 1=0;, 1 0= 1, 1 ( 1)=0Q]

Remark 6.7. Let K = F, be the finite field of p elements. Let L be an algebraic closure of
K. Then,
G = Gal(L/K) = £
The p™" power map (the “Frobenius automorphism”), denoted Frob 2 G, generates a dense
cyclic subgroup of G. Indeed, the map Z ! G given by n 7! Frob" induces the above
isomorphism. So, the map x 7! x + 1 on Z+hay be reinterpreted as the map on G given by
o7!' o Frob.
Alternatively, we could let K = C(t), and L = C(t, t¥/2,t¥/3,tV/4, ..., t¥",..)). Then,

G = Gal(L/K) = 2

Take T 2 G defined by v
Ttl/m — eZn —_l/mtl/m_

Then, T generates a dense cyclic subgroup of G, and the map o 7! ¢ Tt is the equivalent of
X7 x+1.
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